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LANDAU-GINZBURG/CALABI-YAU CORRESPONDENCE
FOR THE COMPLETE INTERSECTIONS X3,3 AND X2,2,2,2
EMILY CLADER
Abstract. We define a generalization of Fan-Jarvis-Ruan-Witten the-
ory, a “hybrid” model associated to a collection of quasihomogeneous
polynomials of the same weights and degree, which is expected to match
the Gromov-Witten theory of the Calabi-Yau complete intersection cut
out by the polynomials. In genus zero, we prove that the correspondence
holds for any such complete intersection of dimension three in ordinary,
rather than weighted, projective space. These results generalize those of
Chiodo-Ruan for the quintic threefold, and as in that setting, Givental’s
quantization can be used to yield a conjectural relation between the full
higher-genus theories.
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1. Introduction
In the early 1990s, when the mathematical study of mirror symmetry was
just beginning, physicists posited the existence of a Landau-Ginzburg/Calabi-
Yau (LG/CY) correspondence connecting the geometry of Calabi-Yau com-
plete intersections in projective space to the Landau-Ginzburg model, in
which the polynomials defining the complete intersections are studied as
singularities instead [19] [20]. Mathematically, the theory on the CY side is
the Gromov-Witten theory of the complete intersection, but it was not until
2007 with the series of papers [11], [12], [13] that a candidate theory on the
LG side was suggested, namely Fan-Jarvis-Ruan-Witten (FJRW) theory. In
[7], the Gromov-Witten theory of the quintic threefold was shown to match
the FJRW theory of the corresponding singularity in genus zero.
The goal of this paper is to extend the results of [7] to certain complete
intersections in projective space. In order to accomplish this, it is necessary
to generalize FJRW theory, constructing a mathematical Landau-Ginzburg
model associated to a collection of singularities rather than just one. The
theory we construct is a “hybrid” model that combines aspects of FJRW
theory and Gromov-Witten theory.
The idea for the hybrid model, as well as the technical tools required for
its development, were already known by a number of authors, and this paper
owes a great debt to them. The initial definition of the hybrid moduli space
was suggested by A. Chiodo, who explained it to the author and proposed
the project on which this work is based. To define a virtual cycle for the
theory, we use the method of cosection localization, which is due to Kiem-
Li-Chang [2] [16]. Our application of the cosection method closely follows
the work of Chang-Li [2]; in fact, for the case of the quintic threefold, the
construction considered in this paper is nothing but the Landau-Ginzburg
analogue of their argument. The first application of cosection localization
to the Landau-Ginzburg side is due to Chang-Li-Li, who use it in the recent
paper [3] to give an algebraic construction of FJRW theory in the case
of narrow sectors. This paper can be considered a generalization of their
results.
Via Givental’s quantization machinery, the genus-zero LG/CY correspon-
dence yields a conjectural relationship between the hybrid model and the
Gromov-Witten theory of the complete intersection in higher genus. While
computations of Gromov-Witten theory past genus 1 are currently beyond
the scope of mathematicians’ methods, the Landau-Ginzburg model is gen-
erally thought to be more computationally manageable [7]. Thus, if the
higher-genus correspondence could be verified, it would potentially open
exciting avenues for Gromov-Witten theory.
1.1. Main result. Given a nondegenerate collection of quasihomogeneous
polynomials W1, . . . ,Wr ∈ C[x1, . . . , xN ], each with weights c1, . . . , cN and
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degree d satisfying the Calabi-Yau condition
(1) dr =
N∑
j=1
cj ,
there are two associated theories. On the Calabi-Yau side, one considers
the complete intersection X in weighted projective space cut out by the
polynomials. The cohomology of this complete intersection can be viewed as
the state space from which insertions to Gromov-Witten invariants of X are
chosen; for any choice of ϕ1, . . . , ϕn ∈ HGW = H
∗(X) and any a1, . . . , an ∈
Z≥0, there is a corresponding Gromov-Witten invariant
〈τa1(ϕ1), . . . , τan(ϕn)〉
GW
g,n,β,
defined as an intersection number on the moduli space of stable maps to X.
The genus-zero invariants are encoded by a J-function
JGW (t, z) = z + t+
∑
n,β
1
n!
〈
t(ψ), . . . , t(ψ),
ϕα
z − ψ
〉GW
0,n+1,β
ϕα,
where t(z) = t0 + t1z + t2z
2 + · · · ∈ HGW [z] and ϕα runs over a basis for
HGW . On the Landau-Ginzburg side, the polynomials Wi are regarded as
the equations for singularities in CN . There is also a state space Hhyb, and
its elements can be used as the insertions to hybrid invariants
〈τa1(φ1), . . . , τan(φn)〉
hyb
g,n,β,
which are intersection numbers on a moduli space parameterizing stable
maps to projective space together with a collection of line bundles on the
source curve whose tensor powers satisfy equations determined by the poly-
nomials Wi. These, too, are encoded by a J-function in genus zero:
Jhyb(t, z) = z + t+
∑
n,β
1
n!
〈
t(ψ), . . . , t(ψ),
φα
z − ψ
〉hyb
0,n+1,β
φα,
where t(z) = t0 + t1z + t2z
2 + · · · ∈ Hhyb[z] and φα runs over a basis for
Hhyb. On either side, there is a grading on the state space, and the small
J-function is defined by restricting to the degree-two component.
The genus-zero Landau-Ginzburg/Calabi-Yau (LG/CY) correspondence
is the assertion that there is a degree-preserving isomorphism between the
two state spaces and that, after certain identifications, the small J-functions
coincide. In this paper, we prove that the correspondence holds whenever
the polynomials cut out a threefold complete intersection in ordinary, rather
than weighted, projective space. This leaves only three possibilities for the
complete intersection: the quintic hypersurface X5 ⊂ P
4, the intersection
of two cubic hypersurfaces X3,3 ⊂ P
5, and the intersection of four quadrics
X2,2,2,2 ⊂ P
7. The first of these is the content of [7], so we focus on the
second two.
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After verifying the state space isomorphism in these special cases (Propo-
sition 3.2.1), the strategy for proving that the small J-functions of Gromov-
Witten theory and the hybrid model match is to relate each to an I-function.
On the Calabi-Yau side, the definition of IGW and its relationship to JGW
were shown in [14]. The I-function can be defined explicity as a hyperge-
ometric series in the variable q = exp(t10), where t0 =
∑
tα0ϕα and ϕ1 ∈
H2(X). Expanded in the variable H ∈ HGW corresponding to the hyper-
plane class, IGW assembles the solutions to a Picard-Fuchs equation. In our
two cases of interest, the Picard-Fuchs equation are[
D4q − 3
6q
(
Dq +
1
3
)2(
Dq +
2
3
)2]
IGW = 0
and [
D4q − 2
8q
(
Dq +
1
2
)4]
IGW = 0,
for the cubic and quadric complete intersections, respectively, where Dq =
q ∂∂q . There is a “mirror map”– that is, an explicit change of variables
q′ =
gGW (q)
fGW (q)
for C-valued functions gGW and fGW – under which the small J-function
JGW matches IGW :
IGW (q, z)
fGW (q)
= JGW (q
′, z).
We provide an analogous story on the Landau-Ginzburg side for each of
the examples mentioned above. Using the machinery of twisted invariants
developed in [9], we construct a hybrid I-function in each case. These are:
(2) Ihyb(t, z) =
∑
d≥0
d6≡−1 mod 3
ze(d+1+
H(d+1)
z
)t
36⌊
d
3
⌋
∏
1≤b≤d
b≡d+1 mod 3
(H(d+1) + bz)4
∏
1≤b≤d
b6≡d+1 mod 3
(H(d+1) + bz)2
for the cubic and
(3) Ihyb(t, z) =
∑
d≥0
d6≡−1 mod 2
ze(d+1+
H(d+1)
z
)t
28⌊
d
2
⌋
∏
1≤b≤d
b≡d+1 mod 2
(H(d+1) + bz)4
∏
1≤b≤d
b6≡d+1 mod 2
(H(d+1) + bz)4
for the quadric, where t = t + 0z + 0z2 + · · · lies in the degree-2 part of
the Landau-Ginzburg state space. The key fact about these I-functions is
that the family Ihyb(t,−z) lies on the Lagrangian cone Lhyb on which the
LG/CY CORRESPONDENCE FOR X3,3 AND X2,2,2,2 5
J-function is a slice, as we prove in Theorem 5.3.4. This cone has a special
geometric property that allows any function lying on it to be determined
from only the first two coefficients in its expansion in powers of z. Using
the expressions (2) or (3), one can write
Ihyb(t, z) = ω
hyb
1 (t) · 1
(1) · z + ωhyb2 (t) +O(z
−1)
for explicit C-valued functions ωhyb1 (t) and ω
hyb
2 (t). We therefore obtain the
following theorem:
Theorem 1.1.1. Consider the hybrid model I-function (2) associated to
a generic collection of two homogeneous cubic polynomials in six variables,
whose coefficients when expanded in powers of H(i) span the solution space
of the Picard-Fuchs equation[
D4ψ − 3
6ψ−1
(
Dψ −
1
3
)2(
Dψ −
2
3
)2]
Ihyb = 0
for Dψ = ψ
∂
∂ψ and ψ = e
3t. This I-function and the hybrid J-function Jhyb
associated to the same collection of polynomials are related by an explicit
change of variables (mirror map)
Ihyb(t,−z)
ωhyb1 (t)
= Jhyb(t
′,−z), where t′ =
ωhyb2 (t)
ωhyb1 (t)
.
The analogous statement holds for the hybrid model I-function (3) as-
sociated to a generic collection of four homogeneous quadric polynomials
in eight variables, for which the coefficients span the solution space of the
Picard-Fuchs equation[
D4ψ − 2
8ψ−1
(
Dψ −
1
2
)4]
Ihyb = 0
with Dψ = ψ
∂
∂ψ and ψ = e
2t.
The fact that the hybrid I-functions assemble the solutions to the specified
Picard-Fuchs equations is an easy consequence of the explicit expressions for
these functions. These equations are the same as the Picard-Fuchs equations
for the corresponding Calabi-Yau complete intersections after setting q =
ψ−1. It follows that, if we use the state space correspondence to identify the
state spaces HGW and Hhyb in which the I-functions take values, then Ihyb
and the analytic continuation of IGW to the ψ-coordinate patch are both
comprised of bases of solutions to the same differential equation, and hence
are related by a symplectic isomorphism performing the change of basis.
This establishes the following corollary.
Corollary 1.1.2. In either of the two cases outlined above, there is a
C[z, z−1]-valued degree-preserving linear transformation mapping Ihyb to the
analytic continuation of IGW near t = 0. That is, the genus-zero Landau-
Ginzburg/Calabi-Yau correspondence holds in these cases.
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1.2. Organization of the paper. We begin, in Section 2, by establish-
ing some background on quashimogeneous singularities and orbifold curves.
Section 3 is devoted to defining the state space for the Landau-Ginzburg
model and proving in the two cases of interest that it is isomorphic to the
state space on the Calabi-Yau side. In Section 4, the quantum theory of the
Landau-Ginzburg model is developed for arbitrary complete intersections of
the same weights and degree in weighted projective space. At the end of that
section, we specialize to the two examples of interest, and in Section 5, we
place those two examples in the context of Givental’s quantization formal-
ism, proving that the Lagrangian cone encoding the hybrid theory can be
obtained from the Lagrangian cone encoding the genus-zero Gromov-Witten
theory of projective space. This leads to the definition of the I-function and
the proof of the LG/CY correspondence for these two examples.
1.3. Acknowledgments. The author would like to thank A. Chiodo for
initially suggesting the problem, explaining the basics of the hybrid model,
and giving many invaluable suggestions on earlier drafts. Y. Ruan also par-
ticipated crucially in the development of the paper, by way of countless
conversations, support, and advice. The state space correspondence consid-
ered here is a very special case of an upcoming result of A. Chiodo and J.
Nagel, whose argument inspired this one. The idea of using Kiem-Li’s co-
section technique to define the virtual cycle in the Landau-Ginzburg model
is due to H-L. Chang, J. Li, and W-P. Li, and was first brought to the atten-
tion of the author at a talk by J. Li at the 2011 Summer School on Moduli of
Curves and Gromov-Witten Theory at the Institut Fourier. Special thanks
are due to J. Li for teaching the author the cosection technique, and to H-L.
Chang for correspondence that clarified this topic further.
2. Quashihomogeneous singularities and orbifold curves
2.1. Quasihomogeneous singularities. The type of singularities for which
the hybrid theory is defined are as follows.
Definition 2.1.1. A polynomial W ∈ C[x1, . . . , xN ] is quasihomogeneous if
(1) there exist positive integers c1, . . . , cN (known as weights) and d (the
degree) such that
W (λc1x1, . . . , λ
cNxN ) = λ
dW (x1, . . . , xN )
for all λ ∈ C and (x1, . . . , xN ) ∈ C
N ;
(2) the charges qi := ci/d are uniquely determined by W .
Let W1(x1, . . . , xN ), . . . ,Wr(x1, . . . , xN ) be a collection of quasihomoge-
neous polynomials in N complex variables all having the same weights and
degree. Such a collection is nondegenerate if the only x ∈ CN for which all
of the polynomials Wi and all of their partial derivatives vanish is x = 0. It
satisfies the Calabi-Yau condition if equation (1) holds. All of the collections
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of quasihomogeneous polynomials considered in this paper will be assumed
nondegenerate and Calabi-Yau.
Associated to such a collection is a group of symmetries. In order to
define this group, we will prefer to think of the Wi as together defining a
polynomial
W (x,p) = p1W1(x) + · · · + prWr(x) ∈ C[x1, . . . , xN , p1, . . . , pr].
From this perspective, symmetries of the collection of polynomials are simply
symmetries of W in the sense of FJRW theory. Explicitly:
Definition 2.1.2. The group GW1,...,Wr of diagonal symmetries of a collec-
tion of quasihomogeneous polynomials of charges c1, . . . , cN and degree d
is
GW1,...,Wr = {(α, β) ∈ (C
∗)N × (C∗)r |
W (αx, βp) =W (x,p) for all (x,p) ∈ CN × Cr}.
The group of diagonal symmetries always contains the subgroup
J = {(tc1 , . . . , tcN , t−d, . . . , t−d) | t ∈ C∗}.
This is the analogue of the group denoted 〈J〉 in FJRW theory. There is
an extra datum in the definition of FJRW theory that will not be present
in the current paper: a subgroup G of the group of diagonal symmetries
containing J . The theory developed here corresponds to the choice G = J .
2.2. Orbifold curves and orbifold stable maps. Similarly to FJRW
theory, the hybrid model concerns curves equipped with a collection of line
bundles whose tensor powers satisfy certain conditions. Given that the mod-
uli problem of roots of line bundles is better-behaved with respect to orbifold
curves (see, for example, Section 1.2 of [5]), the underlying curves of the the-
ory should be allowed limited orbifold structure.
Definition 2.2.1. An orbifold curve (or “balanced twisted curve” [1]) is a
one-dimensional Deligne-Mumford stack with a finite ordered collection of
marked points and at worst nodal singularities such that
(1) the only points with nontrivial stabilizers are marked points and
nodes;
(2) all nodes are balanced; i.e., in the local picture {xy = 0} at a node,
the action of the isotropy group Zk is given by
(x, y) 7→ (ζkx, ζ
−1
k y)
with ζk a primitive kth root of unity.
Throughout the paper, we will denote the coarse underlying space of an
orbifold curve C by |C|.
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2.2.2. Multiplicities of orbifold line bundles. Let C be an orbifold curve and
let L an orbifold line bundle on C. Choose a node n of C with isotropy
group Zℓ and a distinguished branch of n, so that the local picture can be
expressed as {xy = 0} with x being the coordinate on the distinguished
branch. Let g be a generator of the isotropy group Zℓ at the node acting on
these local coordinates by g · (x, y) = (ζℓx, ζ
−1
ℓ y).
Definition 2.2.3. The multiplicity of L at (the distinguished branch of)
the node n is the integer m ∈ {0, . . . , ℓ − 1} such that, in local coordinates
(x, y, λ) on the total space of L, the action of g is given by
g · (x, y, λ) = (ζℓx, ζ
−1
ℓ y, ζ
m
ℓ λ).
In the same way, one can define the multiplicity of L at a marked point by
the action of a generator of the isotropy group on the fiber.
One extremely important property of the multiplicity is that it allows
one to determine the equation satisfied by the coarsening of L on each of its
components [5] [7]. Suppose that
ν : L⊗ℓ → N
is an isomorphism between a power of L and a line bundle N pulled back
from the coarse curve |C| and Z ⊂ C is a smooth (that is, non-nodal)
irreducible component of C. Let m1, . . . ,mk be the multiplicities of L at
the nodes where Z meets the rest of C, where in each case the distinguished
branch is the one lying on Z. Let ǫ : C → |C| be the coarsening map. If
|L| = ǫ∗N , then we have an isomorphism
(4) ǫ∗ν : |L|
⊗ℓ → N ⊗O|Z|
(
−
k∑
i=1
mi[pi]
)
,
where p1, . . . , pk are the images in |Z| of the points where Z meets the rest
of C.
Since ǫ is flat, |L| is a line bundle; in particular, the fact that it has
integral degree can often be used to find constraints on the multiplicities of
L. Conversely, the multiplicities at all of the marked points and nodes of C,
together with the bundle |L| on |C|, collectively determine L as an orbifold
line bundle. See Lemma 2.2.5 of [7] for a precise statement to this effect.
3. Landau-Ginzburg state space
LetW1, . . . ,Wr ∈ C[x1, . . . , xN ] be a collection of quasihomogeneous poly-
nomials of the same weights and degree. In this section, we define the state
space associated to such a collection and prove that in the cases of inter-
est for this paper, there is a degree-preserving isomorphism between the
Landau-Ginzburg state space and the state space for the Gromov-Witten
theory of the corresponding complete intersection.
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3.1. State space. The state space of the hybrid theory is the following
vector space:
(5) Hhyb(W1, . . . ,Wr) = H
∗
CR
(
CN × (Cr \ {0})
J
,W
+∞
;C
)
,
where W
+∞
= (ReW )−1((ρ,+∞)) for ρ ≫ 0 and J acts by multiplication
in each factor.
As a vector space, Chen-Ruan cohomology is the cohomology of the inertia
stack, whose objects are pairs ((x,p), γ), where γ ∈ J , (x,p) ∈ CN × (Cr \
{0}), and γ(x,p) = (x,p). The only elements of J with nontrivial fixed-
point sets are those of the form
(tc1 , . . . , tcN , 1, . . . , 1),
where t is a dth root of unity, so such elements index the components of the
inertia stack. These components are known as twisted sectors.
3.1.1. Degree shifting. As is usual in Chen-Ruan cohomology, we should
shift the degree.
Definition 3.1.2. Let γ = (e2πiΘ
γ
1 , . . . , e2πiΘ
γ
N , 1, . . . , 1) ∈ J be an element
with nontrivial fixed-point set, where Θγi ∈ {0,
1
d , . . . ,
d−1
d }. The degree-
shifting number or age shift for γ is
ι(γ) =
N∑
j=1
(Θγj − qj),
where qj are the charges defined in Definition 2.1.1.
Now, given α ∈ Hhyb(W1, . . . ,Wr) from the twisted sector indexed by γ,
we set
degW (α) = deg(α) + 2ι(γ),
where deg(α) denotes the ordinary degree of α as an element of the coho-
mology of the inertia stack. This gives a grading on Hhyb(W1, . . . ,Wr).
3.1.3. Broad and narrow sectors. A twisted sector indexed by an element
(tc1 , . . . , tcN , 1, . . . , 1) ∈ J will be called narrow if there is no i with tci = 1.
This condition ensures that the sector is supported on the suborbifold
{0} × (Cr \ {0})
J
⊂
CN × (Cr \ {0})
J
,
whose coarse underlying space is Pr−1. Since the above is disjoint from
W
+∞
, the relative cohomology on these sectors is an absolute cohomology
group, and indeed, each narrow sector is isomorphic to H∗(Pr−1). A sector
that is not narrow will be called broad.
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3.1.4. Cases of interest. For most of the paper, we will restrict to the cases
mentioned in the introduction, in whichW1, . . . ,Wr define a threefold Calabi-
Yau complete intersection in ordinary, rather than weighted, projective
space. This leaves the following three possibilities:
(1) r = 1, d = 5, N = 5 (quintic hypersurface in P4);
(2) r = 2, d = 3, N = 6 (intersection of two cubics in P5);
(3) r = 4, d = 2, N = 8 (intersection of four quadrics in P7).
The first case was handled in [7], while the second and third are considered
here.
In case (2), the state space is
H∗CR
(
C6 × (C3 \ {0})
C∗
,W
+∞
;C
)
,
where C∗ acts via
(6) λ(x1, . . . , x6, p1, p2, p3) = (λ, . . . , λ, λ
−3, λ−3, λ−3).
The orbifold in question, then, is the total space of the orbifold vector bundle
OP(3,3) (−1)
⊕6, where
OP(3,3) (−1) =
(C3 \ {0}) ×C
C∗
with C∗ acting with weights (3, 3, 3,−1).1 The only broad sector is the non-
twisted sector, while the twisted (narrow) sectors each contribute H∗(P1).
Thus, the decomposition of the state space into sectors is:
H∗(OP1(−1)
⊕6,W
+∞
)⊕H∗(P1)⊕H∗(P1).
A similar analysis shows that the state space in case (3) is
H∗(OP3(−1)
⊕8,W
+∞
)⊕H∗(P3).
3.2. Cohomological LG/CY correspondence. In the two new cases
mentioned above, we verify that the state space isomorphism, or cohomo-
logical LG/CY correspondence, holds. This is only a simple special case of a
general state space isomorphism for Calabi-Yau complete intersections that
will be proved in upcoming work of Chiodo and Nagel [6], and which was
discussed in a talk by J. Nagel at the Workshop on Recent Developments
on Orbifolds at the Chern Institute of Mathematics in July 2011.
Proposition 3.2.1. Let W1(x1, . . . , x6) and W2(x1, . . . , x6) be homogeneous
cubic polynomials defining a complete intersection X3,3 ⊂ P
6. Then the hy-
brid state space associated to these polynomials is isomorphic to the Gromov-
Witten state space of X3,3; that is,
(7) H∗(OP1(−1)
⊕6,W
+∞
)⊕H∗(P1)⊕H∗(P1) ∼= H∗(X3,3).
1If one considers P(3, 3) as arising via the root construction applied to P1 with its line
bundle O(−1), this is the natural third root of the pullback of O(−1) (see Section 2.1.5
of [15]).
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Moreover, this isomorphism is degree-preserving under the degree shift (3.1.2)
for the left-hand side.
Similarly, there is a degree-preserving state space isomorphism for a col-
lection of eight quadrics defining a complete intersection X2,2,2,2 ⊂ P
7:
H∗(OP3(−1)
⊕8,W
+∞
)⊕H∗(P3) ∼= H∗(X2,2,2,2).
Proof. The three summands on the left-hand side of (7) have degree shifts
−2, 0, and 2, respectively. Thus, the narrow sectors contribute one-dimensional
summands in degrees 0, 2, 4, and 6. By the Lefschetz hyperplane principle,
this matches the primitive cohomology of X3,3, so all that remains in the
cubic case is to prove that
Hk(OP1(−1)
⊕6,W
+∞
) ∼=
{
H3(X3,3) k = 7
0 otherwise.
Similarly, in the quadric case, the only statement that is not immediate is
Hk(OP3(−1)
⊕8,W
+∞
) ∼=
{
H3(X2,2,2,2) k = 11
0 otherwise.
Both arguments are elementary, so we describe only the cubic case.
The basic idea is to relate both state spaces to the quotient
(8)
C6 × C2
C∗
,
where C∗ acts with weights (1, . . . , 1,−3,−3)2. The subquotient where the
C6 coordinate is nonzero is OP5(−3)
⊕2, and the Thom isomorphism implies
that
H3(XW )
∼= H7(OP5(−3)
⊕2,W
+∞
).
Letting A denote the complement of the zero section in this bundle, the long
exact sequence of the triple (OP5(−3)
⊕2, A,W
+∞
) implies further that
H3(XW )
∼= H7(A,W
+∞
).
On the other hand, the subquotient of (8) on which the C2 coordinate is
nonzero is OP(3,3)(−1)
⊕6, which also contains A as the complement of the
zero section. The long exact sequence of the triple (OP(3,3)(−1)
⊕6, A,W
+∞
)
shows that
H7(OP(3,3)(−1)
⊕6,W
+∞
) ∼= H7(A,W
+∞
),
as required. 
2In fact, this picture is extremely useful for understanding the motivation behind the
LG/CY correspondence more generally. Even the moduli spaces on each side can be
viewed as arising from such a dichotomy; see Remark 4.2.6.
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4. Quantum theory for the Landau-Ginzburg model
4.1. Moduli space. LetW1, . . . ,Wr be a nondegenerate collection of quasi-
homogeneous polynomials, each having weights c1, . . . , cN and degree d. Let
d denote the exponent of the group GW1,...,Wr ; i.e., the smallest integer k for
which gk = 1 for all g ∈ GW1,...,Wr .
3 For each i, set
ci = ci
d
d
,
where as usual d is the degree of the polynomials Wi, and ci are the weights.
Definition 4.1.1. A genus-g, degree β Landau-Ginzburg stable map with
n marked points over a base T is given by the following objects:
L // (C , {Si})
f
//
π

Pr−1
T,
together with an isomorphism
ϕ : L ⊗d
∼
−→ ωlog ⊗ f
∗O(−1),
where
(1) C /T is a genus-g, n-pointed orbifold curve;
(2) For i = 1, . . . , n, the substack Si ⊂ C is a (trivial) gerbe over T
with a section σi : T → Si inducing an isomorphism between T and
the coarse moduli of Si;
(3) f is a morphism whose induced map between coarse moduli spaces
is an n-pointed genus g stable map of degree β;
(4) L is an orbifold line bundle on C and ϕ is an isomorphism of line
bundles;
(5) For any p ∈ C , the representation rp : Gp → Zd given by the action
of the isotropy group on the fiber of L is faithful.
Definition 4.1.2. A morphism between two Landau-Ginzburg stable maps
(C /T, {Si}, f,L , φ) and (C
′/T ′, {S ′i }, f
′,L ′, φ′) is a tuple of morphisms
(τ, µ, α), where (τ, µ) forms a morphism of pointed orbifold stable maps:
T
τ

C
µ

oo
""❊
❊❊
❊❊
❊❊
❊
Pr−1
T ′ C ′oo
<<②②②②②②②②②
3In the examples of interest in this paper, we will have d = d, but this is not necessarily
the case in general.
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and α : µ∗L ′ → L is an isomorphism of line bundles such that
φ ◦ α⊗d = δ ◦ µ∗φ′,
where δ : µ∗ωC ′ → ωC is the natural map.
Definition 4.1.3. The hybrid model moduli space is the stack M˜dg,n(P
r−1, β)
parameterizing n-pointed genus-g Landau-Ginzburg stable maps of degree
β, up to isomorphism.
Before we prove that this is a proper Deligne-Mumford stack, a few re-
marks are in order.
Remark 4.1.4. Landau-Ginzburg stable maps can be viewed as tensor
products of stable maps to P(d, . . . , d) and spin structures. Indeed, the
datum of a stable map to P(d, . . . , d) is equivalent to a map f : C → Pr−1
together with a dth root of the line bundle f∗O(1), while a spin structure
on C is a dth root of ωlog.
Remark 4.1.5. It would in some sense be more natural to define Landau-
Ginzburg stable maps as maps to a weighted projective space P(d, . . . , d)
rather than the coarse underlying Pr−1. In fact, though, this is equivalent
to what we have done, since if f : C → P(d, . . . , d) is an orbifold stable map
and there exists a line bundle L on C such that L⊗d ∼= f∗O(−1) ⊗ ωlog,
then f∗O(−1) is forced to have integral degree, which implies that f factors
through a map to Pr−1.
Remark 4.1.6. In the case where r = 1, the above is not exactly the same
as the moduli space ofW -structures in FJRW theory. However, Proposition
2.3.13 of [7] shows that the map
M˜dg,n(P
0, 0)→ Wg,n,〈J〉
(C, f, L, ϕ) 7→ (C, (L⊗c1 , ϕc1), . . . , (L⊗cN , ϕcN ))
is surjective and locally isomorphic to Bµd → B(µd)
N , so integrals over
Wg,n,〈J〉 can be expressed as integrals over M˜
d
g,n,(P
0, 0), and the correlators
defined below agree with those in FJRW theory.
Forgetting the line bundle L and the orbifold structure gives a morphism
ρ : M˜dg,n(P
r−1, β)→Mg,n(P
r−1, β).
This map is quasifinite (see Remark 2.1.20 of [12]). Indeed, for any orbifold
stable map f : C → Pr−1, any two choices of L such that L⊗d ∼= ωlog ⊗
f∗O(−1) differ by a choice of a line bundle N with an isomorphism ξ :
N⊗d ∼= OC . The set of isomorphism classes of such pairs (N, ξ) is isomorphic
to the finite group H1(C,Zd).
Proposition 4.1.7. For any nondegenerate collection of quasihomogeneous
polynomials W as above, the stack M˜dg,n(P
r−1, β) is a proper Deligne-Mumford
stack with projective coarse moduli.
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Proof. The proof follows closely that of Thereom 2.2.6 of [12] and uses re-
peatedly the identification between orbifold line bundles on C and maps
C → BC∗. Given (C, {σi}, f) ∈Mg,n(P
r−1, β), an element of ρ−1(C, {σi}, f)
is given by a map
L : C → BC∗
such that
BC∗

C
L
<<③③③③③③③③③
δ
// BC∗
commutes, where δ is the map corresponding to the line bundle f∗O(−1)⊗
ωlog and the vertical arrow is x 7→ x
d.
Let CM → Mg,n(P
r−1, β) denote the universal family, and abbreviate
M =Mg,n(P
r−1, β). Let CW be the fiber product
CW

// BC∗

CM
δ // BC∗,
with the right vertical arrow as before. Note that CW is an e´tale gerbe over
CM banded by Zd, so it is a Deligne-Mumford stack.
Any Landau-Ginzburg stable map (C /T, {Si}, f,L , φ) induces a repre-
sentable morphism C → CW which is a balanced twisted stable map, for
which the homology class of the image of the coarse curve C is the class F of
a fiber of the universal curve CM →M. Furthermore, the family of coarse
curves and maps (C, {σi}, f)→ T gives rise to a morphism T →M, and we
have an isomorphism C ∼= T ×MCM. Thus, there is a basepoint-preserving
functor
M˜dg,n(P
r−1, β)→ Hg,n(CW/M, F ),
where the latter denotes the stack of balanced, n-pointed twisted stable maps
of genus g and class F into CW relative to the base stackM (see Section 8.3
of [1]). The image lies in the closed substack where the markings of C line
up over the markings of CM, and the functor given by the restricting to this
substack is an equivalence. Thus, the results of [1] imply that M˜dg,n(P
r−1, β)
is a proper Deligne-Mumford stack with projective coarse moduli. 
4.1.8. Decomposition by multiplicities. With the analogy to FJRW theory
mentioned in Remark 4.1.6 in mind, one obtains a decomposition of the
hybrid moduli space just as in Proposition 2.3.7 of [7]. In Wg,n,〈J〉, let γi ∈
Aut(W ) give the multiplicities of L⊗c1 , . . . , L⊗cN at the ith marked point.
Then the condition that γi ∈ J implies that there exists e
2πi
mi
d ∈ Zd such
that e2πi
micj
d = e2πi
mi,j
d for all j, so γi is determined bymi ∈ {0, 1, . . . , d−1}.
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Let
M˜dg,n(P
r−1, β) =
⊔
m1,...,mn∈Zd
M˜dg,(m1,...,mn)(P
r−1, β),
where M˜dg,(m1,...,mn)(P
r−1, β) is the substack in which the multiplicity of
L⊗cj at the ith marked point is mi,j ≡ micj mod d, or equivalently, the
multiplicity of L at the ith marked point is mi. The following terminology
will be used later:
Definition 4.1.9. A marking or node is called narrow if all of the line
bundles L⊗c1 , . . . , L⊗cN have nonzero multiplicity mi,j ∈ Zd, and is called
broad otherwise. (In the literature, these situations are sometimes referred
to as Neveu-Schwartz and Ramond, respectively.)
Remark 4.1.10. It is no accident that this terminology coincides with that
used for sectors of the state space in Section 3.1.3. Indeed, elements of J
index both sectors of the state space and components of the moduli space,
and the narrow sectors of the state space correspond to components of the
moduli space in which every marked point is narrow.
4.2. Virtual cycle. In order to define a virtual cycle on the hybrid moduli
space, we will make use of the cosection technique developed in [16], [2], and
[3].
4.2.1. Construction of the virtual cycle. Since the hybrid model correlators
will be defined as integrals over the substacks M˜dg,(m1,...,mn)(P
r−1, β), it suf-
fices to define a virtual cycle on each of these. In fact, we will only define
the virtual cycle for the narrow components– that is, when mi,j 6= 0 ∈ Zd
for all i and j. This implies, in particular, that mi ≥ 1 for all i.
By passing to the coarse underlying curve, an element (C, f, L, ϕ) ∈
M˜dg,(m1,...,mn)(P
r−1, β) is equivalent to a tuple (C, f, L, ϕ) in which f : C →
Pr−1 is a non-orbifold stable map and ϕ is an isomorphism
L⊗d ∼= f∗O(−1)⊗ ωlog ⊗O
(
−
n∑
i=1
mi[xi]
)
;
see (4) and Lemma 2.2.5 of [7]. In what follows, we will view elements of
M˜dg,(m1,...,mn)(P
r−1, β) from this perspective.
Consider the stack P parameterizing tuples (C, f, L, ϕ, s1, . . . , sN ), in
which (C, f, L, ϕ) ∈ M˜dg,(m1,...,mn)(P
r−1, β) and si ∈ H
0(C,L⊗ci). This is
in general not proper; it should be viewed as the Landau-Ginzburg ana-
logue of Chang and Li’s moduli space of stable maps with p-fields [2]. In
their paper, Chang and Li exhibit a relative perfect obstruction theory on
P relative to the Artin stack Dg parameterizing genus-g curves with a line
bundle of fixed degree. While the present situation also requires marked
points, the same construction applies.
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Namely, denote by Dg,n the moduli stack of genus-g, n-pointed curves
with a line bundle of fixed degree. Let LDg,n be the universal line bundle
over Dg,n, let πDg,n : CDg,n → Dg,n be the universal family, and let
PDg,n = L
⊗−d
Dg,n
⊗ ωCDg,n/Dg,n ⊗O
(
n∑
i=1
(1−mi)[xi]
)
.
Then P embeds into the moduli of sections of
Z = Vb(L ⊕NDg,n ⊕P
⊕r
Dg,n
)
over Dg,n (see Section 2.2 of [2]), where Vb denotes the total space of a
vector bundle.
Similarly, over P, let L be the universal line bundle, π : CP → P be the
universal family, and P = f∗O(1) = L ⊗−d⊗ωCP/P ⊗O(
∑n
i=1(1−mi)[xi]).
The tautological
si ∈ Γ(CP ,L
⊗ci) and pj ∈ Γ(CP ,P),
in which the latter are given by the pullbacks of coordinate sections of
OPr−1(1), combine to give a map CP → Vb
(⊕N
i=1 L
⊗ci
Dg,n
⊕P⊕rDg,n
)
×CDg,n CP
which is a section of the projection map. Composing this with the projection
to the first factor yields an “evaluation map”
e : CP → Z.
Using Proposition 2.5 of [2] and the canonical isomorphism
e∗Ω∨Z/CDg,n
∼=
N⊕
i=1
L
⊗ci ⊕P⊕rDg,n ,
one finds that there is a relative perfect obstruction theory
EP/Dg,n = R
•π∗(L
⊗c1 ⊕ · · · ⊕L ⊗cN ⊕P⊕r).
Thus, we have ObP/Dg,n = R
1π∗(
⊕N
i=1 L
⊗ci⊕P⊕r). The polynomial W
defines a cosection– that is, a homomorphism
σ : ObP/Dg,n → OP .
To define σ, fix an element ξ = (C, f, L, ϕ, s1, . . . , sN ) ∈ P and let pj =
f∗xj ∈ H
0(C, f∗O(1)), where xj ∈ H
0(Pr−1,O(1)) are the coordinate func-
tions. Take an e´tale chart T → P around ξ with CT = CP ×P T . Then σ is
defined in these local coordinates as the map
H1(CT ,L
⊗c1 ⊕ · · · ⊕L ⊗cN )⊕H1(CT ,P
⊕r)→ C
given by sending (s˜1, . . . , s˜N , p˜1, . . . , p˜r) to
N∑
i=1
ci
d
∂W
∂xi
(s1, . . . , sN , p1, . . . , pr) · s˜i −
r∑
j=1
∂W
∂pj
(s1, . . . , sN , p1, . . . , pr) · p˜j.
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The fact that this is canonically an element of C relies crucially on the fact
that mi ≥ 1 for all i. For example,
∂W
∂pj
(s1, . . . , sN , p1, . . . , pr) lies in
H0(L ⊗d) = H0
(
P
∨ ⊗ ωCP/P ⊗
∑
(mi − 1)[xi]
)
→֒ H1(P)∨
by Serre duality.
The degeneracy locus of σ is defined as the substack D(σ) of P on which
the fiber of σ is the zero homomorphism. This is the locus on which the
localized virtual cycle will be supported.
Lemma 4.2.2. The degeneracy locus of σ is precisely M˜dg,(m1,...,mn)(P
r−1, β).
Proof. The hybrid moduli space M˜dg,(m1,...,mn)(P
r−1, β) embeds in P as the
locus where s1 = · · · = sN = 0, and it is clear that the fiber of σ is identically
zero on this locus. Conversely, if (s1, . . . , sN ) 6= 0, then either (s1, . . . , sN )
does not lie in the common vanishing locus of the polynomials Wi, or there
is some i for which not every
∂Wj
∂xi
(s1, . . . , sN ) vanishes. In the first case, if
Wj(s1, . . . , sN ) 6= 0, then one can choose p˜j so that
Wj(s1, . . . , sN ) · p˜j =
∂W
∂pj
(s1, . . . , sN , p1, . . . , pr) · p˜j 6= 0,
so taking all other p˜i’s and all s˜i’s to be zero shows that the fiber of σ over
ξ is not identically zero. In the second case, independence of the sections pj
shows that
r∑
j=1
pj
∂Wj
∂xi
(s1, . . . , sN ) =
∂W
∂xi
(s1, . . . , sN , p1, . . . , pr) 6= 0.
Thus, there exists s˜i such that
∂W
∂xi
(s1, . . . , sN , p1, . . . , pr) · s˜i 6= 0, so again
one can choose all other s˜j’s and all p˜j’s to be zero to see that the fiber of
σ over ξ is not identically zero. 
Remark 4.2.3. By studying σ a bit more carefully, one notices that it
descends to the obstruction theory of P relative to Mg,n rather than Dg,n.
4
To do so, consider the deformation exact sequence
(9) TDg,n/Mg,n
τ
−→ ObP/Dg,n → ObP/Mg,n → 0.
The deformation space TDg,n/Mg,n parameterizes deformations of a line bun-
dle fixing the underlying curve, so its fiber over ξ is H1(C,OC ). The map τ
can be viewed fiberwise as
τ = (τ1, τ2) : H
1(C, f∗OPr−1)→
N⊕
i=1
H1(L⊗ci)⊕H1(f∗O(1))⊕r.
4The following argument was suggested by H.-L. Chang in correspondence with Y.
Ruan.
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Here, τ1 is the dual of the map
⊕N
i=1H
0(L⊗−ci ⊗ ω)→ H0(ω) given by
(10) (q1, . . . , qN ) 7→
N∑
i=1
qisi,
and τ2 is dual to the map H
0(f∗O(−1)⊗ ω)⊕r → H0(ω) given by
(u1, . . . , ur) 7→
r∑
j=1
ujtj;
in other words, τ2 arises via the Euler sequence on P
r−1. Thus, with (9)
in mind, we can view ObP/Mg,n as coker(τ). A straightforward argument
using the quasihomogeneous Euler identity shows that the composition σ ◦τ
vanishes, and therefore σ descends to a cosection ObP/Mg,n → OP .
Recall (Equation 4.3 of [16]) that the absolute obstruction sheaf ObP
is defined as follows. Let q : P → Dg,n be the projection, and form the
distinguished triangle
q∗LDg,n → LP → LP/Dg,n
δ
−→ q∗LDg,n [1].
Let φP/Dg,n be the perfect obstruction theory of P relative to Dg,n, so there
is a map
φP/Dg,n ◦ δ
∨ : q∗TDg,n → TP/Dg,n [1]→ EP/Dg,n [1].
Then H0(φP/Dg,n ◦ δ
∨) is the composite
(11) q∗TDg,n → H
1(TP/Dg,n)→ H
1(EP/Dg,n) = ObP/Dg,n .
The cokernel of (11) is the absolute obstruction sheaf ObP of P.
In order to apply the main theorem of [16] to conclude the existence of a
localized virtual cycle, one must verify that σ lifts to a cosection σ : ObP →
OP .
Lemma 4.2.4. The following composition is trivial:
H1(TP/Dg,n)→ ObP/Dg,n
σ
−→ OP .
Therefore, σ lifts to σ : ObP → OP .
Proof. The proof of this fact follows closely that of Lemma 3.6 of [2]. First,
we will need a slightly different description of σ. First, note that the poly-
nomial W defines a bundle homomorphism
h1 : Z = Vb
(
N⊕
i=1
L
⊗ci
Dg,n
⊕P⊕rDg,n
)
→ Vb(ωCDg,n/Dg,n).
On tangent complexes, h1 induces
dh1 : Ω
∨
Z/CDg,n
→ h∗1Ω
∨
Vb(ωCDg,n/Dg,n
).
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Pulling back dh1 via the evaluation map e defined above, one obtains
e∗(dh1) : e
∗Ω∨Z/CDg,n
→ e∗h∗1Ω
∨
Vb(ωCDg,n/Dg,n
),
so applying R•πP∗ and taking first cohomology gives a map
ObP/Dg,n → OP ,
where we use the canonical isomorphisms
e∗Ω∨Z/CDg,n
∼=
N⊕
i=1
L
⊗ci ⊕P⊕r,
e∗h∗1Ω
∨
Vb(ωCDg,n/Dg,n
)
∼= ωCP/P .
One can check explicitly in coordinates that this coincides with the homo-
morphism σ defined above.
Equipped with this description of σ, we are ready to prove the Lemma.
Let Cω = C(π∗ωCDg,n/Dg,n) be the direct image cone (see Definition 2.1 of
[2]), which parameterizes sections of ω on curves inDg,n. This has a universal
curve CCω = CDg,n ×Dg,n Cω. Let
ǫ =W (s1, . . . , sN , p1, . . . , pr) ∈ Γ(CP , ωCP/P),
which tautologically induces morphisms
Φǫ : P → Cω
and
Φ˜ǫ : CP → CCω .
There are evaluation maps fitting into a commutative diagram of stacks of
CDg,n as follows:
CP
e //
Φ˜ǫ

Z
h1

CCω
e′ // Vb(ωCDg,n/Dg,n).
Therefore, the following diagram of cotangent complexes is also commuta-
tive:
(12) π∗PTP/Dg,n

TCP/CDg,n
//

e∗Ω∨Z/CDg,n
dh1

π∗PΦ
∗
ǫTCω/Dg,n Φ˜
∗
ǫTCCω/CDg,n
// Φ˜∗ǫe
′∗Ω∨Vb(ωCDg,n/Dg,n)/CDg,n
.
Applying R1πP∗ to the lower horizontal arrow yields the homomorphism
H1(Φ∗ǫTCω/Dg,n)→ Φ
∗
ǫR
1πCω∗ωCCω/Cω ,
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which is the pulback via Φǫ of the obstruction homomorphism in the perfect
obstruction theory for Cω over Dg,n. As observed in Equation 3.13 of [2],
this is trivial since CCω → CDg,n is smooth.
Based on the new definition of σ given above, it is clear that the composite
whose vanishing we wish to show is obtained by applying R1πP∗ to the
composition from the upper left to the lower right of (12). Since we have
now shown that the lower horizontal arrow becomes trivial, the proof is
complete. 
Combining Lemmas 4.2.2 and 4.2.4 with Theorem 1.1 of [16], one finds
that P admits a localized virtual cycle [P]virloc supported on the degeneracy
locus M˜dg,(m1,...,mn)(P
r−1, β) ⊂ P of σ.
Definition 4.2.5. The virtual cycle of the stack M˜dg,(m1,...,mn)(P
r−1, β) is
defined as
[M˜dg,(m1,...,mn)(P
r−1, β)]vir := [P]virloc.
Remark 4.2.6. To understand the motivation for this construction, and
indeed for the LG/CY correspondence more generally, it is helpful to exam-
ine more closely the observation made above that P embeds into the moduli
space S of sections associated to the diagram
Vb(L ⊗c1Dg,n ⊕ · · ·L
⊗cN
Dg,n
⊕P⊕rDg,n)
// CDg,n

Dg,n.
Specifically, P can be viewed as the substack of S in which the r sections
of P parameterized by S together define a stable map to Pr−1.
If, on the other hand, we had considered the substack of S in which the
sections of L ⊗c1 , . . . ,L ⊗cN together define a stable map to P(c1, . . . , cN ),
then the resulting moduli space would parameterize stable maps to this
weighted projective space together with sections
tj ∈ H
0
(
f∗O(−d)⊗ ω ⊗O
(∑
(1−mi)[xi]
))
for j = 1, . . . , r, assuming that the Gorenstein condition (13) is satisfied.
The cosection σ is still defined on this new moduli space, and its degeneracy
locus is the moduli space of stable maps to the complete intersection XW ⊂
P(c1, . . . , cN ), as Chang-Li prove in [2] for the case of the quintic.
5
Remark 4.2.7. Because we have used the cosection construction as opposed
to the Witten top Chern class construction of [4] and [17], it is not at all
obvious that our correlators agree in the case of the quintic with those
5In fact, much more is proved in [2], since it is not at all obvious a priori that the
localized virtual cycle obtained by the above method agrees with the usual virtual cycle
on the moduli space of stable maps.
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defined in [7]. However, the equivalence of all existing constructions of the
FJRW virtual cycle is proved in [3].
4.2.8. Virtual dimension. Let ξ = (C, f, L, ϕ, s1, . . . , sN ) ∈ P. The virtual
dimension of P/Dg,n at ξ is
h0(L⊗c1 ⊕ · · · ⊕ L⊗cN ⊕ f∗O(1)⊕r)− h1(L⊗c1 ⊕ · · · ⊕ L⊗cN ⊕ f∗O(1)⊕r),
and an easy Riemann-Roch computation using (4) shows that this equals
(N − r)(1− g) + rn−
n∑
i=1
N∑
j=1
cjmi,j
d
.
Since
vdim(Dg,n) = vdim(Dg,n/Mg,n) + vdim(Mg,n)
= (h0(OC)− 1) + 3g − 3 + n
= 4g − 4 + n,
we find that the virtual dimension of P/Mg,n at ξ equals
(N−r−4)(1−g)+(r+1)n−
n∑
i=1
N∑
j=1
cjmi,j
d
= vdim(Mg,n(P
r−1, β))+
N∑
j=1
χ(L⊗cj).
4.2.9. Virtual cycle in genus zero. In genus zero, the definition of the virtual
cycle simplifies substantially, under the Gorenstein condition
(13) cj |d for all j.
Indeed, if this hypothesis is satisfied and L is a line bundle satisfying the
requirements of P, then the bundles L⊗cj have no global sections. To see
this, one simply must compute the degree of such a line bundle using the
fact that on each irreducible component Z of the source curve C,
L⊗cj |
⊗d/cj
Z
∼= ωlog ⊗ f
∗O(−1)⊗O
(
−
n∑
i=1
mi,j[xj ]
)
.
Here, the xj are the special points on Z and the mi,j are the multiplicities
of L⊗cj at those special points, and we are once again using that the mul-
tiplicities at all marked points are nonzero. This equation implies that the
degree of L⊗cj |Z is negative, so if C is itself irreducible, it follows that L
⊗cj
has no global sections. If C is reducible, the claim still follows by an easy
inductive argument using the fact that deg(L⊗cj |Z) < k − 1, where k is the
number of points at which Z meets the rest of C.
Because of this observation, P = M˜d0,(m1,...,mn)(P
r−1, β). In this sit-
uation, the cosection localized virtual cycle is the same as the ordinary
virtual cycle of M˜d0,(m1,...,mn)(P
r−1, β). Furthermore, abbreviating M˜ =
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M˜d0,(m1,...,mn)(P
r−1, β) and Y =M0,n(P
r−1, β), the smoothness of the mod-
uli space in this case implies that
[M˜]vir = ctop(ObM˜/Y ) ∩ [M0,n(P
r−1, β)],
where [M0,n(P
r−1, β)] denotes the pullback of the fundamental class on Y
to M˜ under the map that forgets L. Using the exact sequence
T
M˜/Dg,n
∼
−→ TY/Dg,n → ObM˜/Y → ObM˜/Dg,n → 0,
one finds thatOb
M˜/Y
= R1π∗(T
⊗c1⊕· · ·⊕T ⊗cN ), in which T is the universal
line bundle on M˜. Thus, we obtain the formula
[M˜]vir = ctop(R
1π∗(T
⊗c1 ⊕ · · · ⊕ T ⊗cN )) ∩ [M0,n(P
r−1, β)]
for the virtual cycle in genus zero.
4.3. Correlators. In analogy to Gromov-Witten theory, correlators will be
defined as integrals over the moduli space against the virtual cycle.
4.3.1. Evaluation maps and psi classes. The classes that we integrate will
come from two places. First, there are evaluation maps
evi : M˜
d
g,n(P
r−1, β)→ Pr−1 i = 1, . . . , n,
given by (C, f, L, ϕ) 7→ f(xi), where xi ∈ C is the ith marked point. There-
fore, we can pull back cohomology classes on Pr−1 to obtain classes on the
hybrid moduli space.
Second, there are classes
ψi ∈ H
2(M˜dg,n(P
r−1, β))
for i = 1, . . . , n, defined in the same way as in Gromov-Witten theory.
Namely, ψi is the first Chern class of the (orbifold) line bundle whose fiber
at a point of the moduli space is the cotangent line to the orbifold curve at
the ith marked point. Note that this differs from the definition of ψi used
in [7], in which the cotangent line was always taken to the underlying curve;
we will denote these “coarse” psi classes by ψi. The two are related by
ψi = dψi.
4.3.2. Definition of correlators in the narrow case. We will only define cor-
relators when all insertions are drawn from the narrow sectors of the state
space.
Definition 4.3.3. Choose φ1, . . . , φn ∈ Hhyb(W1, . . . ,Wr) from the narrow
sectors and a1, . . . , an ≥ 0. As explained in Section 3.1.3, each φi can
be viewed as an element of H∗(Pr−1). Each also defines an element γi ∈
J indicating the twisted sector from which it is drawn, and we let mi ∈
{0, 1, . . . , d− 1} be such that
γi = (e
2πi
mic1
d , . . . , e2πi
micN
d , 1, . . . , 1).
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Define the associated hybrid model correlator 〈τa1(φ1) · · · τan(φn)〉
hyb
g,n,β to be
(14)
d(−1)D
deg(ρ)
∫
[M˜d
g,(m1,...,mn)
(Pr−1,β)]vir
ev∗1(φ1)ψ
a1
1 · · · ev
∗
n(φn)ψ
an
n ,
where
D =
N∑
i=1
(
h1(L⊗ci)− h0(L⊗ci)
)
and deg(ρ) denotes the degree of the map
ρ : M˜dg,(m1,...,mn)(P
r−1, β)→Mg,n(P
r−1, β)
given by forgetting the W -structure and passing to the coarse underlying
source curve.
The strange-looking sign choice in this definition is a matter of conve-
nience, following equation (50) of [12]. In genus zero under the Goren-
stein condition (13), D is precisely the rank of the obstruction bundle
and deg(ρ) = 1d whenever the substratum over which we are integrating
is nonempty (see Equation (26) of [12]). Thus, the above is equivalent in
such cases to
d2
∫
[M˜d0,m(P
r−1,β)]vir
ev∗1(φ1)ψ
a1
1 · · · ev
∗
n(φn)ψ
an
n ctop((R
1π∗(T
⊗c1 · · · T ⊗cN ))∨),
where m = (m1, . . . ,mn).
4.3.4. Broad insertions. The easiest way to extend the above theory to allow
for broad insertions is to set a correlator to zero if any of its insertions comes
from a broad sector. In order to ensure that the resulting theory satisfies
the decomposition property required of cohomological field theories, though,
it is necessary to verify a Ramond vanishing property. This holds whenever
the Gorenstein condition (13) is satisfied.6
Proposition 4.3.5 (Ramond vanishing). Suppose that for all i and j, cj |d
and mi,j 6= 0. Let D ⊂ M˜
d
0,m(P
r−1, β) be a boundary stratum whose general
point is a source curve with a single, broad node. Then
(15)
∫
D
ev∗1(φ1)ψ
a1
1 · · · ev
∗
n(φn)ψ
an
n ctop((R
1π∗(T
⊗c1 ⊕ · · · ⊕ T ⊗cN ))∨) = 0
for any a1, . . . , an ∈ Z
≥0 and any φ1, . . . , φn ∈ H
∗(Pr−1).
Proof. Let C = C1 ⊔ C2 be the decomposition of a fiber of π in D into
irreducible components, and let n be the node at which the components
meet. Consider the normalization exact sequence
0→ OC → OC1 ⊕OC2 → On → 0.
6The argument below was substantially simplified by a suggestion of A. Chiodo.
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Tensor with L⊗c1 ⊕ · · · ⊕ L⊗cN and take the associated long exact sequence
in cohomology to obtain the following equality in K-theory:
R1π∗
(
⊕T ⊗cj
)
= R0π∗(⊕T
⊗cj |n) +R
1π∗(⊕T
⊗cj |C1) +R
1π∗(⊕T
⊗cj |C2).
Here, we use that H0(L⊗cj |Ci) = 0 for all i and j, as an easy degree com-
putation shows.
The key point is that, since n is broad, orbifold sections of L⊗cj over n
are the same as ordinary sections over the coarse underlying curve. More
precisely, let N : D → C be the section of the universal curve defined by
the node n. Then
ctop(R
0π∗(⊕T
⊗cj |n)) = N
∗ctop(⊕T
⊗cj),
and since (T ⊗cj)⊗d ∼= ω
⊗cj
log ⊗ f
∗O(−cj) for each j, the above equals
N∏
j=1
1
d
(
ctop(ω
⊗cj
log |n) + ctop(N
∗f∗O(−cj))
)
.
In this expression, ctop(ω
⊗cj
log |n) = 0, since the restriction of ωlog to the locus
of nodes is trivial. Furthermore, f ◦ N = evn, so we can rewrite the above
as
N∏
j=1
1
d
ev∗nctop(O(−cj)) =
1
dN
ev∗nctop(O(−cj)
⊕N ),
which is zero because O(−cj)
⊕N is an N -dimensional bundle on an r-
dimensional space and N > r.
It follows that one of the summands in the expression for R1π∗(⊕T
⊗cj)
has trivial top Chern class, so the integral in (15) vanishes. 
Remark 4.3.6. This definition of the broad correlators seems initially ad
hoc. However, analogously to Proposition 2.4.5 of [7], it is possible to unify
the broad and narrow cases in genus 0 into a single geometric definition by
slightly modifying the moduli space.
4.3.7. Multiplicity conditions. Certain tuples of multiplicities correspond to
empty components of the moduli space, so the resulting correlators clearly
vanish. Indeed, (4) and the subsequent discussion imply that if m1, . . . ,mn
are as in Definition 4.3.3, then 〈τ1(φ1) · · · τn(φn)〉
hyb
g,n,β vanishes unless
(16) 2g − 2 + n− β −
n∑
i=1
mi ≡ 0 mod d.
This selection rule will be useful later.
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5. Proof of the correspondence in genus zero
In both Gromov-Witten theory and the hybrid model, the genus-zero the-
ory can be realized as a Lagrangian cone in a certain symplectic vector space.
Because the genus-zero hybrid invariants are described via a top Chern class,
they fit into the framework of twisted invariants described in [9], and Given-
tal’s quantization formalism provides a tool for realizing them in terms of
the corresponding untwisted theory, which is essentially the Gromov-Witten
theory of projective space. The following section describes this process in
detail and uses it to prove the LG/CY correspondence in the two cases of
interest.
5.1. Givental’s formalism. For the sake of expository clarity, we will de-
scribe the setup in the case of the cubic singularities first, commenting briefly
on the requisite modifications for the quadric case at the end.
5.1.1. The symplectic vector spaces. It is convenient to modify the state
space slightly, replacing the broad sector with another copy of H∗(P1) to
obtain
Hhyb = H
∗
0 (P
1)⊕H∗1 (P
1)⊕H∗2 (P
1).
The subscripts denote the multiplicities to which the summands correspond.
This modification does not affect the correlators, since they vanish when any
insertion is broad. We will write φ(h) for an element φ ∈ H∗(P1) coming
from the summand H∗h(P
1).
This vector space is equipped with a nondegenerate inner product (or
Poincare´ pairing), denoted ( , )hyb and defined as
(Θ1,Θ2)hyb = 〈τ0(Θ1) τ0(Θ2) 1
(1)〉hyb0,3,0.
The symplectic vector space we will consider is
Vhyb = Hhyb ⊗ C((z
−1)),
with the symplectic form Ωhyb given by
Ωhyb(f, g) = Resz=0
(
(f(−z), g(z))hyb
)
.
This induces a polarization Vhyb = V
+
hyb ⊕ V
−
hyb, where V
+
hyb = Hhyb ⊗ C[z]
and V−hyb = z
−1Hhyb ⊗ C[[z
−1]]. Thus, we can identify Vhyb as a symplectic
manifold with the cotangent bundle to V+hyb. An element of Vhyb can be
expressed in Darboux coordinates as
∑
k≥0 q
α
k φαz
k +
∑
ℓ≥0 pℓ,βφ
β(−z)−ℓ−1,
where {φα} is a basis for Hhyb.
Analogously, there is a symplectic vector space on the Gromov-Witten
side [7] [9]. The restriction to narrow states is mirrored in that setting by the
restriction to cohomology classes pulled back from the ambient projective
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space, which are the only ones that give nonzero correlators. Let HGW
denote the vector space of such classes:
HGW = H
even(X3,3) =
3⊕
h=0
[Hh]C,
where H is the restriction to X3,3 of the hyperplane class on the ambient
projective space.7 The symplectic vector space VGW on the Gromov-Witten
side is defined as above, and the usual Poincare´ pairing on HGW induces a
symplectic form in the same way.
5.1.2. The potentials. Defining the correlators in the hybrid theory as above,
the generating function for the genus-g invariants is
Fghyb(t, z) =
∑
n,d
Qd
n!
〈t(ψ), . . . , t(ψ)〉hybg,n,d,
where t = t0 + t1z + t2z
2 + · · · ∈ Hhyb[[z]]. These generating functions fit
together into a total-genus descendent potential
Dhyb = exp
∑
g≥0
~g−1Fghyb
 .
In the same way, one can define a generating function for the genus-g
Gromov-Witten invariants of the corresponding complete intersection,
FgGW (t, z) =
∑
n,d
Qd
n!
〈t(ψ), . . . , t(ψ)〉GWg,n,d,
where t = t0 + t1z + t2z
2 + · · · ∈ HGW [[z]]. These, too, fit together into a
total-genus descendent potential DGW .
5.1.3. The Lagrangian cones. In the Gromov-Witten setting, the dilaton
shift
qαk = t
α
k − 1 · z
makes F0GW into a power series in the Darboux coordinates q
α
k , where 1
denotes the constant function 1 in H0. In this way, the genus-zero Gromov-
Witten theory is encoded by a Lagrangian cone
LGW = {(q,p) | p = dqF
0
GW } ⊂ VGW ,
where we use the Darboux coordinates (q,p) defined above to identify VGW
with the cotangent bundle to its Lagrangian subspace V+GW . As proved in
7Of course, to be completely symmetric, we might want to add an additional two-
dimensional summand to HGW , as we did for Hhyb, and define the correlators to vanish
if any insertion comes from this summand. Since we will not be doing any computations
on the Gromov-Witten side, we will ignore this asymmetry and leave HGW as above.
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[9], LGW is a Lagrangian cone whose tangent spaces satisfy the geometric
condition
(17) zTfLGW = LGW ∩ TfLGW
at any point.
The same story holds in the hybrid model, but it is important to note
that in the dilaton shift
qαk = t
α
k − 1
(1) · z,
the unit is the constant function 1 from the summand of the state space
corresponding to multiplicity-1 insertions. Under this dilaton shift, we again
have that F0hyb is a function of q ∈ V
+
hyb and hence we can define
Lhyb = {(q,p) | p = dqF
0
hyb} ⊂ Vhyb.
Since the hybrid theory also satisfies the string equation, dilaton equation,
and topological recursion relations, the same geometric condition holds for
this cone as for the Lagrangian cone of Gromov-Witten theory.
On either the Gromov-Witten or the hybrid side, we define the J-function
Jhyb/GW (z, t) = 1z + t+
∑
n,d
1
n!
〈
t, . . . , t,
φα
z − ψ
〉hyb/GW
0,n+1,d
φα,
where φα ranges over a basis for Hhyb/GW with dual basis φ
α. In other
words, J(−z, t) is the intersection of the Lagrangian cone with the slice
{−1z+ t+V−} ⊂ Vhyb/GW . It is a well-known consequence of (17) that this
slice determines the rest of the Lagrangian cone, so the J-function specifies
the entire genus-zero theory.
5.1.4. Twisted theory. The strategy for determining Jhyb is to introduce pa-
rameters that will interpolate between the hybrid invariants and the ordi-
nary Gromov-Witten invariants of projective space. One can always define
a multiplicative characteristic class K0(X)→ H
∗(X;C) by
x 7→ exp
∑
k≥0
skchk(x)
 .
When sk = 0 for all k ≥ 0, the result is a constant map sending every
K-class to the fundamental class, while if we set
(18) sk =

−6 ln(λ) k = 0
6(k − 1)!
λk
k > 0,
then the resulting class satisfies
exp
∑
k≥0
skchk(−[V ])
 = eC∗(V ∨)6
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for any vector bundle V equipped with the natural C∗ action scaling the
fibers. (The reason for passing to equivariant cohomology is to ensure that
the above is invertible.) We will typically denote
c(x) = exp
∑
k≥0
skchk(x)

when the parameters sk are taking unspecified values.
Extend the hybrid model state space to
Htw =
(
H∗0 (P
1)⊕H∗1 (P
1)⊕H∗2 (P
1)
)
⊗R,
where
R = C[λ][[s0, s1, . . .]].
Then, for any φ1, . . . , φn ∈ Htw and a1, . . . , an ∈ Z
≥0, define the correspond-
ing twisted hybrid invariant 〈τa1(φ1), . . . , τan(φn)〉
tw
g,n,d by
3
deg(ρ)
∫
ρ∗[Mg,n(P1,d)]vir
ev∗1(φ1)ψ
a1
1 · · · ev
∗
n(φn)ψ
an
n c(Rπ∗T ),
where T denotes the universal line bundle on the universal curve over
M˜3g,n(P
1, d), ρ : M˜3g,m(P
1, d) → Mg,n(P
1, d) is as in Section 4.3.3. We
will sometimes adopt the notation of [9] and write the above as
〈τa1(φ1), . . . , τan(φn); c(Rπ∗T )〉g,n,d,
or more generally, write a cohomology class on the universal curve after a
semicolon to indicate that it is part of the integrand but is neither a ψ class
nor pulled back from the target space.
Via these invariants, Htw is equipped with a pairing extending the pairing
on Hhyb:
(Θ1,Θ2)tw = 〈Θ1,Θ2, 1
(1)〉tw0,3,0.
We can then set Vtw = Htw⊗C((z
−1)), and this is a symplectic vector space
under the symplectic form induced by the twisted pairing. The definitions
of the genus-g potential, total descendent potential, and Lagrangian cone all
generalize directly, and we thus obtain the twisted Lagrangian cone Ltw ⊂
Vtw. It is no longer obvious that this is indeed a Lagrangian cone, but this
will follow from Proposition 5.2.1.
5.1.5. Untwisted theory. Let Vun denote the symplectic vector space ob-
tained by setting sk = 0 for all k ≥ 0, and similarly Hun and Lun. Note that
Lun encodes the correlators 〈τa1(φ1), . . . , τan(φn)〉
un
0,n,d, which are given by
3
deg(ρ)
∫
ρ∗[M0,n(P1,d)]vir
ev∗1(φ1)ψ
a1
1 · · · ev
∗
n(φn)ψ
an
n .
When the selection rule (16) is satisfied so that the component of the hybrid
moduli space over which we are integrating is nonempty, these are simply
three times the Gromov-Witten invariants of P1. In particular, the untwisted
J-function is known explicitly.
LG/CY CORRESPONDENCE FOR X3,3 AND X2,2,2,2 29
We will use the untwisted Lagrangian cone to determine the cone Lhyb.
This can be viewed as a two-step procedure. First, Lhyb can be obtained
from Ltw by taking a limit λ→ 0 and setting the parameters sk to the values
in (18), so that
c(Rπ∗T ) = c(−R
1π∗T ) = ctop((R
1π∗T )
∨)6,
which is what appears in the hybrid model correlators. Then, Proposition
5.2.1 demonstrates that Ltw can in turn be recovered from Lun.
5.1.6. The quadric singularities. All of the above is defined analogously in
the other example of interest. In that case,
Hhyb = H
∗
0 (P
3)⊕H∗1 (P
3).
The hybrid Poincare´ pairing is defined by the exact same formula, and we
obtain a symplectic vector space Vhyb = Hhyb ⊗ C((z
−1)). The symplectic
vector space on the Gromov-Witten side is now VGW = HGW ⊗ C((z
−1)),
where
HGW = H
even(X2,2,2,2) =
3⊕
h=0
[Hh]C
and H is the restriction to X2,2,2,2 of the hyperplane class on P
7. The
genus-g generating functions and total-genus descendent potentials on both
the hybrid and the Gromov-Witten side are defined just as before, and again
the genus-0 theory on each side is encoded by a Lagrangian cone which is
determined by the slice cut out by a J-function.
A twisted theory is again introduced, though now the values of sk that
give the hybrid theory are
(19) sk =

−8 ln(λ) k = 0
8(k − 1)!
λk
k > 0,
since the virtual class in genus 0 is ctop((R
1π∗T )
∨)8 in this case. The state
space is extended to
Htw = (H
∗
0 (P
3)⊕H∗1 (P
3))⊗R
for R = C[λ][[s0, s1, . . .]], and twisted hybrid invariants are defined as
2
deg(ρ)
∫
ρ∗[Mg,n(P3,d)]vir
ev∗1(φ1)ψ
a1
1 · · · ev
∗
n(φn)ψ
an
n c(Rπ∗T ),
for φ1, . . . , φn ∈ Htw and a1, . . . , an ∈ Z
≥0. These permit the definition of
the twisted Poincare´ pairing and hence the twisted symplectic vector space.
When λ→ 0 and the parameters sk are set to the values in (19), we obtain
the hybrid theory for the quadric singularity, while the untwisted theory
(when sk = 0 for all k) gives two times the Gromov-Witten theory of P
3.
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5.2. Lagrangian cone for the Landau-Ginzburg theory. Recall that
the Bernoulli polynomials Bn(x) are defined by the generating function
∞∑
n=0
Bn(x)
zn
n!
=
zezx
ez − 1
.
Proposition 5.2.1. (a) Let Vtw denote the symplectic vector space asso-
ciated to the cubic singularities W1(x1, . . . , x6), . . . ,W3(x1, . . . , x6), and
let ∆ : Vun → Vtw be the symplectic transformation
∆ =
2⊕
ℓ=0
exp
∑
k≥0
m≥0
sk
Bm(
ℓ
3 )
m!
exp(−H
(ℓ)
3 )k+1−mz
m−1
 .
Then Ltw = ∆(Lun).
(b) Let Vtw denote the symplectic vector space associated to the quadric sin-
gularities V1(x1, . . . , x8), . . . , V4(x1, . . . , x8), and let ∆ : Vun → Vtw be
the symplectic transformation
∆ =
1⊕
ℓ=0
exp
∑
k≥0
m≥0
sk
Bm(
ℓ
2 )
m!
exp(−H
(ℓ)
2 )k+1−mz
m−1
 .
Then Ltw = ∆(Lun).
Proof. We will prove part (a) of the Proposition; the proof of part (b) is
almost identical, so we will omit it. Our proof is modeled closely after that
of Theorem 4.2.1 of [18], which in turn uses the main idea of Proposition
1.6.3 of [9].
Let us begin by reducing the statement to something more concrete.
According to the theory of Givental quantization, the desired statement
Ltw = ∆(Lun) will be implied if we can demonstrate that Dtw = ∆̂(Dun).
In fact, it suffces to show that Dtw ≈ ∆(Dun), where the symbol ≈ denotes
equality up to a scalar factor in R, since Ltw is a cone and hence is un-
affected by scalar multiplication. Furthermore, Dtw ≈ ∆(Dun) if and only
if this holds after differentiating both sides with respect to sk for all k. If
Ck : Vun → Vtw denotes the infinitesimal symplectic transformation
8
Ck =
2⊕
ℓ=0
∑
m≥0
Bm(
ℓ
3 )
m!
exp(−H
(ℓ)
3 )k+1−mz
m−1
 ,
then we have ∆ = exp(
∑
k≥0 skCk), so Dtw ≈ ∆(Dun) is equivalent to the
system of differential equations
∂Dtw
∂sk
≈ ĈkDtw + CDun
8The fact that this transformation is infinitesimal symplectic is required for the quan-
tization to be defined; it follows from the same argument as in Lemma 4.1.3 of [18].
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for all k, where C is the cocycle coming from commuting the zˆ terms of ∆̂
past the 1̂/z term of Ĉk; see the discussion in Section 1.3.4 of [9]. Since
we only seek equality up to a scalar factor, we can absorb the cocyle into
the definition of Ck and prove that ∂Dtw/∂sk ≈ ĈkDtw. We will use the
orbifold Grothendieck-Riemann-Roch (oGRR) formula9 (see Appendix A of
[18] for the statement) to determine ∂Dtw/∂sk and identify it with an explicit
expression for Ĉk.
Specifically, we have
(20)
∂Dtw
∂sk
=
∑
g,n,d
Qd~g−1
n!
〈t, . . . , t; chk(Rπ∗T ) c(Rπ∗T )〉g,n,dDtw,
and oGRR will be used to compute the contribution from chk(Rπ∗T ). As
remarked in Section 7.3 of [18], the moduli stack M˜3g,n(P
1, d) can be embed-
ded in a smooth stack M over which there exists a family U of orbicurves
pulling back to the universal family C over M˜3g,n(P
1, d). Therefore, we lose
no information if we assume that the moduli stack itself is smooth, in which
case ch(Rπ∗T ) = c˜h(Rπ∗T ) and oGRR states that
(21) ch(Rπ∗T ) = Iπ∗(c˜h(T )T˜d(Tπ)).
This splits into several terms according to the decomposition of IC into
twisted sectors:
IC = C ⊔
n⊔
i=1
(S
(1)
i ⊔S
(2)
i ) ⊔ (Z
(1) ⊔Z (2)).
Here, S
(h)
i is the sector corresponding to the element h ∈ Z3 = {0, 1, 2}
of the isotropy group at the ith marked point and Z (h) is the sector cor-
responding to the element h of the isotropy group at the substratum of
nodes. Applying this decomposition to the right-hand side of (21) shows
that ch(Rπ∗T ) equals
π∗(ch(T )Td(Tπ))+
n∑
i=1
2∑
ℓ
π∗(c˜h(T )T˜d(Tπ)|
S
(ℓ)
i
)+
2∑
ℓ=1
π∗(c˜h(T )T˜d(Tπ)|Z (ℓ)).
The contribution from the nontwisted sector can be computed via a com-
putation nearly identical to that of Proposition 1.6.3 of [9]; the result is:
π∗
(
ch(T )
(
Td∨(Ln+1)−
n∑
i=1
si∗
[
Td∨(N∨i )
c1(N∨i )
]
+
+
ι∗
[
1
ψ+ψ−
(
Td∨(L+)
ψ+
+
Td∨(L−)
ψ−
)]
+
))
k
.
9An alternative, and perhaps shorter, proof can be obtained by passing to the coarse
underlying curve and applying the usual GRR formula, as in [8].
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We have identified the universal family with M˜3g,n+1(P
1, d)′, in which the
prime indicates that the last marked point has multiplicity 1. In the second
term, si denotes the inclusion of the divisor ∆i of the ith marked point and
Ni denotes the normal bundle of ∆i in C . In the third term, ι : Z
′ → C is
the composition of the inclusion i : Z → C of the singular locus with the
double cover γ : Z ′ → Z consisting of choices of a branch at each node; also,
L± are the cotangent line bundles to the two branches of a node and ψ± are
the first Chern classes of these line bundles.
Accordingly, we can split chk(Rπ∗T ) into a codimension-0, codimension-
1, and codimension-2 term, and we compute each separately.
5.2.2. Codimension 0. Since T ⊗3 ∼= ωlog ⊗ f
∗O(−1), we have
ch(T ) = exp(K3 ) exp(−
f∗H
3 ),
where K = c1(ωlog). Thus, the codimension 0 term of ch(Rπ∗T ) is
π∗(exp(
K
3 ) exp(−
f∗H
3 )Td
∨(Ln+1)).
The contribution from the codimension 0 term to (20), then, is Dtw times
the following, in which the superscript • denotes invariants in which the last
marked point has multiplicity 1:
∑
g,n,d
Qd~g−1
n!
〈
t, . . . ;π∗
(
exp(K3 ) exp(−
f∗H
3 )Td
∨(Ln+1)
)
k+1
c(Rπ∗T )
〉
g,n,d
=
∑
g,n,d
Qd~g−1
n!
〈
π∗t, . . . ,
(
exp(K3 ) exp(−
H
3 )Td
∨(Ln+1)
)
k+1
c(Rπ∗T )
〉•
g,n+1,d
=
∑
g,n,d
Qd~g−1
n!
〈
t− σ1∗
[
t
ψ
]
+
, . . . ,
(
exp(K3 ) exp(−
H
3 )Td
∨(Ln+1)
)
k+1
; c(Rπ∗T )
〉•
g,n+1,d
.
Now, under the identification of the universal family with M˜3g,n(P
1, d)′, K
is identified with ψn+1. Furthermore, ψn+1 vanishes on the image of each
σi∗ with 1 ≤ i ≤ n, so the above is equal to
∑
g,n,d
Qd~g−1
n!
(exp(
ψn+1
3 ) exp(−
H
3 )Td
∨(Ln+1))k+1; c(Rπ∗T )〉
•
g,n+1,d
−
∑
g,n,d
Qd~g−1
(n− 1)!
〈σ1∗
[
t
ψ
]
+
, . . . , (exp(−H3 )k+1; c(Rπ∗T )〉g,n+1,d
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=
∑
g,n,d
Qd~g−1
(n − 1)!
〈
t, . . . ,
(
exp(ψ3 ) exp(−
H
3 )Td
∨(Ln)
)
k+1
; c(Rπ∗T )
〉•
g,n,d
−
∑
g,n,d
Qd~g−1
(n− 1)!
〈
t, . . . , t, exp(−H3 )k+1
[
t(ψ)
ψ
]
+
; c(Rπ∗T )
〉
g,n,d
−
1
2~
〈
t, t, (exp(
ψ3
3 ) exp(−
H
3 )Td
∨(L3))k+1; c(Rπ∗T )
〉•
0,3,0
−
〈
(exp(ψ12 )) exp(−
H
3 )Td
∨(L1))k+1; c(Rπ∗T )
〉•
1,1,0
.
The last two summands are known respectively as the genus-zero and the
genus-one exceptional terms. Since ψ3 vanishes on M˜
3
0,3(P
1, 0), the genus
zero exceptional term equals
−
1
2~
(exp(−H3 )k+1q,q)tw.
The rank of Rπ∗T is zero on M˜
3
1,1(P
1, 0), so the genus-one exceptional term
does not depend on sk. It is easily computed, but it will yield only a scalar
factor and hence does not affect our present computation.
5.2.3. Codimension 1. SinceK vanishes on the image of σi∗ for all i, we have
ch(T |∆i) = exp(−f
∗H/3). Thus, the untwisted contribution to chk(Rπ∗T )
from the ith marked point is
−π∗
(
exp(− f
∗H
3 ) si∗
[
Td∨(N∨i )
c1(N∨i )
]
+
)
k
= −π∗si∗
(
exp(− f
∗H
3 )
[
Td∨(N∨i
c1(N∨i )
]
+
)
k
.
If σi : M˜
3
g,n(P
1, d) → ∆i is the ith section, then we have σi∗σ
∗
i = id if the
marked point is broad and σi∗σ
∗
i = 3 · id if the marked point is narrow. Also,
we have f ◦σi = evi, and Lemma 7.3.6 of [18] shows that σ
∗
iN
∨
i = Li. Since
ev∗i is zero away from the summandH
∗
mi(P
1)⊗R wheremi is the multiplicity
of the ith marked point, the above can be rewritten as
−
1
ri
exp
(
−
H(mi)
3
)[
Td∨(Li)
ψi
]
+
,
where ri is 1 if the marked point is broad and 3 if it is narrow. Note that
the evaluation map in this expression has been suppressed as it will appear
as an insertion in twisted invariants.
If the marked point is narrow, there are also twisted sectors, which to-
gether contribute
2∑
m=1
π∗(c˜h(T )T˜d(Tπ)|
S
(m)
i
) =
2∑
m=1
π∗si∗
(∑
0≤ℓ≤1 e
2πimℓ
3 ch(T (ℓ)|∆i)
1− e2πi
−m
3 ch(N∨i )
)
,
where T (ℓ) is the subbundle of T in which the isotropy group acts by e2πi
ℓ
3 .
This is either all of T or is rank zero, depending on whether ℓ = mi, so we
34 EMILY CLADER
can write the above as
1
3
exp
(
−H
(mi)
3
) ∑
1≤m≤2
e2πi
mmi
3
1− e2πi
−m
3 eψi
,
where we have used σi as above and again suppressed the evaluation. It is
straightforward to check (see Section 7.3.5 of [18]) that for each ℓ,
(22)
∑
1≤m≤2
ζmℓ
1− ζ−meψi
=
3eℓψi
1− e3ψi
−
1
1− eψi
,
where ζ = e
2πi
3 . Applying this to the above twisted codimension-1 contri-
bution and adding it to the untwisted part, we obtain
−
∑
m≥1
exp(−H
(mi)
3 )Bm(
mi
3 )
m!
ψ
m−1
i ,
which is also the total contribution from a broad marked point. In other
words, if Am is the operator on Htw given by
Am =
2⊕
ℓ=0
exp(−H
(ℓ)
3 )Bm(
ℓ
3 ),
then the total codimension-1 contribution to ∂Dtw/∂sk in either the broad
or narrow case is
−
∑
g,n,d
Qd~g−1
(n− 1)!
〈∑
m≥1
Am
m!
ψ
m−1

k
t, . . . , t; c(Rπ∗T )
〉
g,n,d
Dtw.
5.2.4. Codimension 2. The same exact proof as in [9] shows that the un-
twisted codimension-2 contribution to chk(Rπ∗T ) can be expressed as
1
2
π∗ι∗
(
ch(T |Z)
ψ+ + ψ−
(
1
eψ+ − 1
−
1
ψ+
+
1
2
+
1
eψ− − 1
−
1
ψ−
+
1
2
))
.
To determine the twisted part, we must calculate the invariant and moving
parts of ι∗Tπ. These can be computed by pulling back the Koszul resolution
of the normal bundle of Z in C to the double cover Z ′ (Section 7.3.7 of [18]),
yielding the exact sequence
(23) 0→ L+ ⊗ L− → L+ ⊕ L− → ι
∗Tπ → OZ′ → OZ′ → 0.
Since the isotropy group acts by −1 on both L+ and L−, it acts trivially on
their tensor product and nontrivially on their direct sum. Thus, in K-theory
we have
ι∗T invπ = −(L+ ⊗ L−)
∨
and
ι∗Tmovπ = L
∨
+ ⊕ L
∨
−.
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By oGRR, then, we compute the twisted codimension-2 contribution to
chk(Rπ∗T ) to be the degree-k part of the following:
2∑
m=1
π∗(c˜h(T )T˜d(Tπ)|Z (m))
=
1
2
2∑
m=1
π∗ι∗
(
e2πi
mmnode
3
exp(−H
(mnode)
3 )
ψ+ + ψ−
eψ++ψ− − 1
(1− ζ−meψ+)(1− ζmeψ+)
)
=
1
2
2∑
m=1
π∗ι∗
(
exp(−H
(mnode)
3 )
ψ+ + ψ−
(
ζmmnode +
ζmmnode
ζ−meψ+ − 1
+
ζmmnode
ζmeψ− − 1
))
Here, mnode is the locally constant function on Z
′ giving the action of the
isotropy group at the node on T . The identity (22) can again be applied to
simplify this expression; if mnode 6= 0, then we obtain
1
2
π∗ι∗
(
exp(−H
(mnode)
3 )
ψ+ + ψ−
(
−1 +
3emnode
e3ψ− − 1
−
1
ψ+
+
3e(3−mnode)ψ−
e3ψ− − 1
−
1
ψ−
))
,
which when added to the untwisted codimension-2 contribution is
3
2
π∗ι∗
exp(−H(mnode)3 )
ψ+ + ψ−
∑
m≥2
Bm(
mnode
3 )
m!
ψ
m−1
+ +
Bm(1−
mnode
3 )
m!
ψ
m−1
−
 .
In fact, the same holds, via a slightly different computation, whenmnode = 0.
Adding this to the untwisted part and using the identity Bm(1 − x) =
(−1)mBm(x), one finds that the codimension-2 contribution to ∂Dtw/∂sk is
Dtw times
(24)
1
2
∑
g,n,d
Qd~g−1
n!
〈
t, . . . ;π∗ι∗
∑
m≥2
3rnodeAm
m!
ψ
m−1
+ +(−1)
mψ
m−1
−
ψ++ψ−

k−1
〉tw
g,n,d
,
in which rnode is 1 if the node is broad and 3 if it is narrow.
The idea at this point is to apply the same argument as in Theorem
1.6.4 of [9] (see the heading “Codimension-2 terms”) to decompose (24)
into a sum over the moduli spaces corresponding to the two sides of the
node. It is important to notice, however, that the relevant decomposition
property in this setting is slightly different. Namely, if D˜ denotes the locus
in M˜3g,n(P
1, d) of curves with a separating node in which the two branches
have genera gi, ni marked points, and degrees di (for i = 1, 2), then
3rnode
(
3
deg(ρ)
∫
D˜
ev∗1(φ1)ψ
a1
1 · · · ev
∗
n(φn)ψ
an
n c(Rπ∗T )
)
=
(
3
deg(ρ)
∫
M˜3g1,n1+1
(P1,d1)
· · · c(Rπ∗T )
)(
3
deg(ρ)
∫
M˜3g2,n2+1
(P1,d2)
· · · c(Rπ∗T )
)
,
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where the integrands on the right-hand side depend on which marked points
lie on which components in D˜ and in all cases the integral is against the
pullback of the virtual class under ρ. The proof of this equality is an appli-
cation of the projection formula, using the fact that if ρD = ρ|D˜, then in the
case where the node is narrow one has deg(ρD) =
1
3 deg(ρ) due to the pres-
ence of an additional “ghost” automorphism acting locally around the node
as (x, y) 7→ (ζx, y). An analogous computation shows the decomposition
property for nonseparating nodes.
In particular, the factor of 3rnode appearing in (24) also appears in the
decomposition property for twisted correlators, so (24) can be expressed as
1
2
∑
g1,g2
n1,n2
d1,d2
Qd1+d2~g1+g2−1
n1!n2!
∑
r,s,α,β
〈
t, . . . , t, qαr φαψ
r
+; c(Rπ∗T )
〉
g1,n1+1,d1
×
〈
qβs φβψ
s
−, t, . . . , t; c(Rπ∗T )
〉
g2,n2+1,d2
Dtw
+
1
2
∑
g,n,d
Qd~g−1
n!
∑
r,s,α,β
〈
t, . . . , t, qαr φαψ
r
+, q
β
s φβψ
s
−; c(Rπ∗T )
〉
g−1,n,d
Dtw,
where the q’s are determined by the requirement that
∑
r,s,α,β
qαr φαψ
r
+⊗q
β
s φβψ
s
−
equals ∑
m≥2
Am
m!
ψ
m−1
+ + (−1)
mψ
m−1
−
ψ+ + ψ−

k−1
∧ (gαβφα ⊗ φβ)
and gαβ is the inverse of the matrix for the twisted Poincare´ pairing.
By Appendix C of [18], this equals
~
2
(∂ ⊗Ck ∂)Dtw
for
Ck =
2⊕
ℓ=0
∑
m≥1
Bm(
ℓ
3 )
m!
exp(−H
(ℓ)
3 )k+1−mz
m−1.
5.2.5. Putting everything together. The sum of the codimension-1 and nonex-
ceptional codimension-0 contributions is∑
g,n,d
Qd~g−1
(n− 1)!
〈t, . . . , t, (exp(ψn3 ) exp(−
H
3 )Td
∨(Ln))k+1; c(Rπ∗T )〉
•
g,n,dDtw
(25) −
∑
g,n,d
Qd~g−1
(n− 1)!
〈t, . . . , t, exp(−H3 )k+1
[
t(ψ)
ψ
]
+
; c(Rπ∗T )〉g,n,dDtw
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−
∑
g,n,d
Qd~g−1
(n− 1)!
〈∑
m≥1
Am
m!
ψ
m−1

k
t, . . . , t; c(Rπ∗T )
〉
g,n,d
Dtw.
Using that
exp(−H3 )k+1
[
t(ψ)
ψ
]
+
=
2⊕
ℓ=0
exp(−H
(ℓ)
3 )k+1
(
t(ψ)− t0
ψ
)
and ∑
m≥1
Am
m!
zm−1 =
2⊕
ℓ=0
exp(−H
(ℓ)
3 )
(
e
ℓ
3
z
ez − 1
−
1
z
)
,
we find that the sum of the second two terms in (25) is Dtw times
−
∑
g,n,d
Qd~g−1
(n− 1)!
〈[(∑
0≤ℓ≤2 exp(−
H(ℓ)
3 )e
ℓ
3
ψ
eψ − 1
)
k
t(ψ)
]
+
, . . . ; c(Rπ∗T )
〉
g,n,d
.
Also, keeping in mind that 1 ∈ H∗1 (P
1), we find that the contribution from
the remaining codimension-0 nonexceptional term is equal to
(exp(ψ/3) exp(−H/3)Td∨(Ln))k+1 =
(
exp(−H3 )e
1
3
ψ
eψ − 1
ψ
)
k+1
=
[(
exp(−H3 )e
1
3
ψ
eψ − 1
)
k
1ψ
]
+
=
[(∑
0≤ℓ≤2 exp(−
H(ℓ)
3 )e
ℓ
3
ψ
eψ − 1
)
k
1ψ
]
+
.
Therefore, the sum of the codimension-1 and nonexceptional codimension-0
terms is Dtw times
−
∑
g,n,d
Qd~g−1
(n− 1)!
〈[(∑
0≤ℓ≤2 exp(−
H(ℓ)
3 )e
ℓ
3
ψ
eψ − 1
)
k
q(ψ)
]
+
, . . . ; c(Rπ∗T )
〉
g,n,d
and the computations in Example 1.3.3.1 of [9] shows that this equals
−∂CkDtw for Ck as above.
Combining everything and using the explicit description of quantized op-
erators in Section 1.3.3 of [9], we have proved that
∂Dtw
∂sk
=
1
2~
Ωtw((Ckq)(−z),q(z)) − ∂CkDtw +
~
2
(∂ ⊗Ck ∂)Dtw = ĈkDtw,
which is part (a) of the proposition.
The proof of part (b) is nearly identical and somewhat simpler, since there
is only one nontrivial twisted sector associated to each marked point and to
the divisor of nodes, so we omit it. 
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5.3. Landau-Ginzburg I-function. As in [7], [9], and [10], one can define
a certain hypergeometric modification Itw of the untwisted J-function in
such a way that the family ∆−1Itw(t,−z) lies on the untwisted Lagrangian
cone Lun; in light of the above, it follows that Itw(t,−z) ∈ Ltw. When we
take a nonequivariant limit λ→ 0 and set the parameters sk as in (18), we
will obtain a family lying on Lhyb, and in fact, this family will determine
the entire cone just as the hybrid J-function does.
As usual, we will define Itw only in the case of the cubic singularities,
commenting only briefly on how to apply the same procedure to define Itw
in the other case.
5.3.1. Setup in cubic case. First, decompose Jun according to topological
types, as in [10]. The topological type of an element of some M˜3g,n(P
1, d) is
the triple Θ = (g, d, i), where g is the genus of the source curve, d is the
degree of the map, and i = (i1, . . . , in) gives the multiplicities of the line
bundle at each of the marked points. Let JΘ be the contribution to Jun
from invariants of topological type Θ, and write
Jun(t, z) =
∑
Θ
JΘ(t, z),
where the sum is over all topological types.10
Let us also fix some notation, again mimicking [10]. Set
s(x) =
∑
k≥0
sk
xk
k!
for any x ∈ V+tw. For a multiplicity h ∈ {0, 1, 2}, let
D(h) =
1∑
α=0
tα0,(h)
∂
∂tα0,(h)
denote the dilation vector field onH∗h(P
1), where for t = t0+t1z+t2z
2+· · · ∈
HGW [[z]] we write
ti =
∑
0≤α≤1
0≤h≤2
tαi,(h)φ
(h)
i .
with {φi} denoting a basis for H
∗
h(P
1). Also, set
Gy(x, z) =
∑
k,m≥0
sk+m−1
Bm(y)
m!
xk
k!
zm−1
for y ∈ Q and x ∈ Htw, where z denotes the variable in Vtw, as usual.
10The z + t term in Jun(t, z) should be understood as contributing to the unstable
topological types corresponding to (g, n, d) = (0, 1, 0) and (0, 2, 0).
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For each topological type Θ, let in be the multiplicity that is equal modulo
3 to −in. Set
NΘ =
−2 + n− d−
∑n−1
j=1 ij
3
+
in
3
.
Note that this is an integer, since it equals either
−2 + n− d−
∑n
j=1 ij
3
= deg(|L|)
or deg(|L|) + 1 depending on whether in is zero or nonzero. Thus, we can
set
MΘ =
∏
−∞<m≤NΘ
exp
(
s(−H
(in)
3 + (m−
in
3 )z)
)
∏
−∞<m≤0
exp
(
s(−H
(in)
3 + (m−
in
3 )z)
)
Note that these definitions of NΘ andMΘ are direct generalizations of those
appearing in [10], and the same proof shows that the properties in Lemma
4.5 and equations (12) and (13) of that paper still hold.
5.3.2. Quadric case. The definitions of s(x) and Gy(x, z) remain unchanged
in the case of the quadric singularities, while the dilation vector field on
H∗h(P
3) changes only in that the summation runs over a basis for H∗(P3),
so 0 ≤ α ≤ 3. As for NΘ, we should now take in to be equal to −in modulo
2, which is the same as setting in = in. The resulting definition is:
NΘ =
−2 + n− d−
∑n−1
j=1 ij
2
+
in
2
.
Similarly,
MΘ =
∏
−∞<m≤NΘ
exp
(
s(−H
(in)
2 + (m−
in
2 )z)
)
∏
−∞<m≤0
exp
(
s(−H
(in)
2 + (m−
in
2 )z)
)
Once again, the necessary properties of these expressions follow direct from
the analogues in [10].
5.3.3. Twisted I-function. In either of the two cases under consideration,
define
Itw(t, z) =
∑
Θ
MΘ(z) JΘ(t, z).
The hybrid I-function will be defined by putting sk to the values in (18),
taking λ → 0, specializing to multiplicity-1 divisor insertions with no ψ
classes, and multiplying by a factor.
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Theorem 5.3.4. (a) For the cubic singularity, define
Ihyb(t, z) =
∑
d≥0
d6≡−1 mod 3
ze(d+1+
H(d+1)
z
)t
36⌊
d
3
⌋
∏
1≤b≤d
b≡d+1 mod 3
(H(d+1) + bz)4
∏
1≤b≤d
b6≡d+1 mod 3
(H(d+1) + bz)2
,
where t = t + 0z + 0z2 + · · · ∈ V+hyb and t ∈ H
2
1 (P
1). Then the family
Ihyb(t,−z) of elements of Vhyb lies on the Lagrangian cone Lhyb.
(b) For the quadric singularity, define
Ihyb(t, z) =
∑
d≥0
d6≡−1 mod 2
ze(d+1+
H(d+1)
z
)t
28⌊
d
2
⌋
∏
1≤b≤d
b≡d+1 mod 2
(H(d+1) + bz)4
∏
1≤b≤d
b6≡d+1 mod 2
(H(d+1) + bz)4
,
where t ∈ H21 (P
3). Then the family Ihyb(t,−z) of elements of Vhyb lies
on the Lagrangian cone Lhyb.
Remark 5.3.5. These I-functions have expressions in terms of the Γ func-
tion, which can be useful for computations– see the appendix.
Proof. The proof mimics that of Theorem 4.6 of [10]. We will begin by
proving that Itw(t,−z) lies on Ltw for the cubic singularity, and then show
how to obtain Ihyb from Itw. As usual, everything we say will carry over to
the quadric case with only minor modifications, so we omit the proof.
Using equations (12) and (13) of [10], it is easy to check that
MΘ(−z) = exp
(
G0
(
−H
(in)
3 +
in
3 z, z
)
−G0
(
−H
(in)
3 + (
in
3 −NΘ)z, z
))
= exp
(
G in
3
(
−H
(in)
3 , z
)
−G0
(
−H
(in)
3 + (
in
3 −NΘ)z, z
))
.
Furthermore,
∆ =
3⊕
ℓ=0
exp
(
G ℓ
3
(
−H
(ℓ)
3 , z
))
.
Given that ∆(Lun) = Ltw, the desired statement is equivalent to the
statement ∆−1Itw(t,−z) ∈ Lun. Using Lemma 4.5(1) of [10] and the above
expression for MΘ(−z), this is equivalent to∑
Θ
exp
(
−G 1
3
(
−H
(in)
3 +
d
3z −
∑n−1
j=1 (1−ij)
3 z, x
))
JΘ(t,−z) ∈ Lun.
Now, we can write ∑n−1
j=1 (1− ij)
3
=
n0
3
−
n2
3
,
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and Lemma 4.5(2) of [10] says that n0 and n2 act on JΘ in the same way,
respectively, as D(0) and D(2). Furthermore, −
H(in)
3 +
d
3z acts on JΘ in the
same way as does −z∇
−H
(in)
3
. So if D = 13D(0) −
1
3D(2), we can re-express
the desired statement as
(26) exp
(
−G 1
3
(
z∇−H
3
− zD, z
))
Jun(t, z) ∈ Lun,
where H = H(0) +H(1) +H(2).
Denote the expression in (26) by Js(t,−z). To prove that Js(t,−z) ∈ Lun
is to show that
Ej(Js(t,−z)) = 0
for all j, where Ej are the functions Vun → Hun given by
(p,q) 7→ pj −
∑
n,d,α,h
Qd
n!
〈t, . . . , t, ψjφ(h)α 〉
un
g,n+1,dφ
α,(h).
This is proved exactly as in [10], by induction on the degree of the terms in
Ej(Js)(t,−z) with respect to the variables sk under the convention that sk
has degree k + 1.
The terms of degree 0 vanish, as such terms are constant with respect to
the sk and vanish when all sk are 0 because J0 = Jun. Assume, then, that
Ej(Js(t,−z)) vanishes up to degree n in the variables sk. To show that it
vanishes up to degree n+1, we will show that ∂∂siEj(Js(t,−z)) vanishes up
to degree n for all i. We have
∂
∂si
Ej(Js(t,−z)) = dJs(t,−z)Ej(z
−1PiJs(t,−z)),
where
Pi = −
i+1∑
m=0
1
m!(i+ 1−m)!
zmBm(0)(−z∆−H
3
− zD)i+1−m.
The inductive hypothesis implies the existence of an element J˜s(t,−z) ∈ Lun
that agrees with Js(t,−z) up to degree n in the sk, and hence satisfies
∂
∂si
EjJs(t,−z) = dJ˜s(t,−z)Ej(z
−1PiJ˜s(t,−z))
up to degree n in these variables. It suffices, then, to show that the right-
hand side of this equation is identically zero, or in other words that
PiJ˜s(t,−z) ∈ zTJ˜s(t,−z)Lun = Lun ∩ TJ˜s(t,−z)Lun.
Let T = TJ˜s(t,−z)Lun. Breaking Pi up into a sum of terms of the form
Cza(z∇−H
3
)b(zD)c
for a coefficient C and exponents a, b, and c, it suffices to show that z,
z∇−H
3
, and zD all preserve zT . In the first case, this is because zT =
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Lun ∩ T ⊂ T and hence z(zT ) ⊂ zT . In the second case, the operator ∇−H
3
is a first-order derivative and hence takes Lun to T ; it follows that ∇−H
3
takes zT = Lun∩T ⊂ Lun to T also, and hence z∇−H
3
takes zT to zT . The
same argument applies to the operator zD, so this completes the proof that
Itw(t,−z) ∈ Ltw in the cubic case.
Now suppose we set sk as in (18), so that c(−V ) = eC∗(V
∨)6, and take
a limit λ → 0. It is easy to check via the Taylor expansion of the natural
logarithm that in the cubic case, we get
MΘ(z) =
∏
−∞<m≤0
(
H(in)
3 + (
in
3 −m)z
)6
∏
−∞<m≤NΘ
(
H(in)
3 + (
in
3 −m)z
)6 .
Restrict t to allow only those insertions in H21 (P
1) with no ψ classes; in this
case,
NΘ =
−d− 1
3
+
in
3
,
which is always nonpositive, and in ≡ d+ 1 mod 3. Thus, we obtain
MΘ(z) =
∏
0≤b< d+1
3
{b}={ d+1
3
}
(
H(d+1)
3
+ bz
)6
,
where we use the convention H(h) = H(h mod 3) if h ≥ 3. Notice that if
d+ 1 ≡ 0 mod 3, then one of the factors in the above product is b = 0, in
which case the product is 0 because H2 = 0. Thus, MΘ(z) vanishes in these
cases.11
Set t = t0 + 0z + 0z
2 + · · · . Since untwisted invariants are essentially
Gromov-Witten invariants of P1, we can compute JΘ(t, z) explicitly in every
case where Θ corresponds to a nonempty component of the moduli space.
Indeed, Givental’s Mirror Theorem for P1 states that
1 +
∑
d,α
Qd
〈
φα
z − ψ
, 1
〉
0,d
φα =
∑
d
Qd
1
((H + z) · · · (H + dz))2
.
Using the string and divisor equations, then, one can show that
∑
Θ with degree d
JΘ =
3ze(
H(d+1)
z
+d)t
((H(d+1) + z) · · · (H(d+1) + dz))2
.
11In fact, we already knew that this had to be the case, because the fact that
Itw(t,−z) ∈ Ltw implies that Itw(t, z) differs from the small hybrid J-function by a change
of variables, and the hybrid invariants vanish if any insertion is broad.
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Since all Θ with the same degree yield the same MΘ, namely
MΘ =
1
36⌊
d
3
⌋
∏
1≤b≤d
b≡d+1 mod 3
(H(d+1) + bz)6,
we obtain a formula for Itw(t, z). Writing Θ = (0, d, (1, . . . , 1)) (with k 1’s)
and taking Q→ 1 as is done in the Gromov-Witten setting, the formula is
Itw(t, z) =
∑
d≥0
d6≡−1 mod 3
3ze(
H(d+1)
z
+d)t
36⌊
d
3
⌋
∏
1≤b≤d
b≡d+1 mod 3
(H(d+1) + bz)4
∏
1≤b≤d
b6≡d+1 mod δ
(H(d+1) + bz)2
.
Multiplying by 13e
t, which preserves Lhyb because it is a cone, gives the
function Ihyb of the statement. An analogous computation shows that the
hybrid I-function in the quadric case is as stated. 
5.4. Relating the LG and GW I-functions. Equipped with an explicit
expression for the hybrid I-functions and having proved that they lie on
the respective Lagrangian cones Ltw, we are finally ready to prove the main
theorem of the paper:
Proof of Theorem 1.1.1. We have shown that Ihyb(t,−z) lies on the La-
grangian cone Lhyb. The property (17) implies that the J-function is charac-
terized by the fact that Jhyb(t,−z) ∈ Lhyb together with the first two terms
of its expansion in powers of z:
Jhyb(t,−z) = −1
(1)z + t+O(z−1).
Using the formula for Ihyb(t, z), it is not difficult to show that it can be
expressed as
Ihyb(t, z) = ω
hyb
1 (t) · 1
(1) · z + ωhyb2 (t) +O(z
−1)
for C-valued functions ωhyb1 and ω
hyb
2 . These can be calculated explicitly, but
the computation is tedious and not strictly necessary to prove the LG/CY
correspondence, so we relegate it to the Appendix.
Having obtained such functions ωhybi , we have
Ihyb(t,−z)
ωhyb1 (t)
= −1(1) · z +
ωhyb2 (t)
ωhyb1 (t)
+O(z−1),
and this still lies on Lhyb because it is a cone. So by the uniqueness property
of Jhyb, we have
(27)
Ihyb(t,−z)
ωhyb1 (t)
= Jhyb(t
′,−z), where t′ =
ωhyb2 (t)
ωhyb1 (t)
.
This is the change of variables relating the hybrid I-function and J-function.
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As for the symplectic transformation matching Ihyb with the analytic con-
tinuation of IGW , the comments in the Introduction show that it is sufficient
to prove that the hybrid I-function assembles the solutions to the Picard-
Fuchs equation
(28)
[(
ψ
∂
∂ψ
)4
− ψ−1
(
ψ
∂
∂ψ
−
1
3
)2(
ψ
∂
∂ψ
−
2
3
)2]
F = 0
for the cubic singularity, where ψ = e3t, or[(
ψ
∂
∂ψ
)4
− ψ−1
(
ψ
∂
∂ψ
−
1
2
)4]
F = 0
for the quadric singularity, where ψ = e2t. As usual, we prove only the first
of these statements.
Split Ihyb into two parts corresponding to the two narrow summands of
Htw, changing the variable of summation in each:
Ihyb(t, z) =
∑
d≥0
ze(3d+1+
H(1)
z
)t
36d
∏
1≤b≤3d
b≡1 mod 3
(H(1) + bz)4
∏
1≤b≤3d
b≡0,2 mod 3
(H(1) + bz)2
+
∑
d≥0
ze(3d+2+
H(2)
z
)t
36d
∏
1≤b≤3d+1
b≡2 mod 3
(H(2) + bz)4
∏
1≤b≤3d+1
b≡0,1 mod 3
(H(2) + bz)2
.
The claim is that, when we set ψ = e3t, each of these summands separately
satisfies (28) as a cohomology-valued function. For the first summand, let
Ψd be the contribution from d:
Ψd = z
ψd+
1
3
+H
(1)
3z
36d
∏
1≤b≤3d
b≡1 mod 3
(H(1) + bz)4
∏
1≤b≤3d
b≡0,2 mod 3
(H(1) + bz)2
.
By computing the ratio Ψd/Ψd−1, it is easy to check that(
H(d+1)
3z + d−
2
3
)4
Ψd−1 = 3
6ψ−1
(
H(d+1)
3z + d
)2 (
H(d+1)
3z + d−
1
3
)2
Ψd.
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But the operator ψ ∂∂ψ acts on Ψd by multiplication by
(
H(d+1)
3z + d+
1
3
)
, so
the above can be expressed as(
ψ
∂
∂ψ
)4
Ψd−1 = 3
6ψ−1
(
ψ
∂
∂ψ
−
1
3
)2(
ψ
∂
∂ψ
−
2
3
)2
Ψd.
It follows that if one applies the Picard-Fuchs operator in (28) to the first
summand of Ihyb(t, z), all but possibly the Ψ0 summand will be annihilated.
In fact, though, it is easy to see using the fact that H2 = 0 that Ψ0 is also
killed. Thus, the Picard-Fuchs equation holds for this summand, and an
analogous argument proves the same claim for the second summand. 
Appendix: Explicit mirror map
In order to explicitly compute the change of variables (27), it is necessary
to find the coefficients of z1 and z0 in Ihyb(t, z). Let us do this first in the
cubic case.
Using the identity
zℓ
Γ(1 + xz + ℓ)
Γ(1 + xz )
=
ℓ∏
k=1
(x+ kz),
one can rewrite Ihyb as
z
∑
d≥0
d≡−1 mod 3
e(d+1+
H(d+1)
z
)tz−6〈
d
3
〉 Γ(
H(d+1)
3z +
d
3 +
1
3)
6
Γ(H
(d+1)
3z + 〈
d
3 〉+
1
3)
6
Γ(H
(d+1)
z + 1)
2
Γ(H
(d+1)
z + d+ 1)
2
.
It is easy to see from here that the only terms that contribute to the coef-
ficient of either z1 or z0 are those with d ≡ 0 mod 3. In particular, if we
expand the function
F (η) =
∑
d≥0
d≡0 mod 3
e(d+1+η)t
Γ(η3 +
d
3 +
1
3 )
6
Γ(η3 + 〈
d
3〉+
1
3)
6
Γ(η + 1)2
Γ(η + d+ 1)2
in powers of η, then
ωhyb1 (t) = F (0) =
∑
d≥0
e(3d+1)t
Γ(d+ 13 )
6
Γ(13)
6Γ(3d+ 1)2
and
ωhyb2 (t) = F
′(0) =
∑
d≥0
e(3d+1)t
Γ(d+ 13)
5
Γ(13)
6Γ(3d+ 1)2
(
2Γ′(d+ 13) + 2Γ(d +
1
3 )ψ(1)
−2Γ(d+ 13)ψ(
1
3 )−2Γ(d+
1
3)ψ(3d+1)+tΓ(d+
1
3)
)
,
where ψ is the digamma function, the logarithmic derivative of Γ.
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The same argument shows that in the quadric case, one has
ωhyb1 (t) = G(0) =
∑
d≥0
e(d+1)t
(2d)!8(2d + 1)!4
48dd!8
and
ωhyb2 (t) = G
′(0) =
∑
d≥0
e(d+1)t
Γ(d+ 12)
6
Γ(12)
8Γ(2d+ 1)4
(
4Γ′(d+ 12) + 4Γ(d+
1
2)ψ(1)
−4Γ(d+ 12)ψ(
1
2 )−4Γ(d+
1
2)ψ(2d+1)+tΓ(d+
1
2)
)
,
where
G(η) =
∑
d≥0
d≡0 mod 2
e(d+1+η)t
Γ(η2 +
d
2 +
1
2)
8
Γ(η2 +
1
2)
8
Γ(η + 1)4
Γ(η + d+ 1)4
.
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